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1. XU ®»IC

BROLZ A, COXHEE Ver.0 TY. HUCHIMamERIMOMTEMEEH (EH 53) DIAEH % Lean
THAELLZTDEDTH Y, BHSPEANEFECATHTYT. —INTZEAEDOFERIIK L CAEH
ZOUT0ET2, HARERCH-> TV ARTONKICZ->TVET. KRIMIC, HEOKKXE
~(eg.p) &Y —2a2—FLEDFER (eg. ) IBESHTELTL T, ALV LAY
A, FO74—=FRXv 220l EFECTT.

2. MIETNDEA

Z DL Logic101/CPL/Formula.lean ICEWTH 5.

E&E1(Formula) : B o OBER 2 mELK & L 2imHEK Formula o Z2IRD & I ICEET 5.
1. Formula.atom: %! o DEF a IiRHATH 5. WWHEATH A Z LT #a EFEL.
Formula.bot: & 1 (LimHEITH 5.

Formula.and: ¢ & ¢ D3EMEERTHNIE, o A v bR TH 5.

Formula.or: ¢ & ¢y 23EREERTHNIE, ¢ v v bRHEXTH 5.

Formula.imp: ¢ & ¢ D3EREIRXTHNE, ¢ » v X TH 5.

AR

inductive Formula (a : Type u)

| atom : o - Formula «

| bot : Formula o

| and : Formula a » Formula a » Formula o
| or : Formula o » Formula a » Formula a
| imp : Formula o - Formula a » Formula a
deriving DecidableEq

prefix:90 "#" = Formula.atom

notation:max "1" = Formula.bot
infixr:85 " - " = Formula.imp
infixl:84 " A " = Formula.and
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infix1:83 " v " = Formula.or
HHELE, ~g%o->1 EEETS. 2/, 1% ~L EEFETAS.

@[grind] def neg (¢ : Formula o) : Formula o := ¢ - L
prefix:90 "~" = Formula.neg

@[grind] def top : Formula o := ~1
notation:max "t" = Formula.top

AR SN ZERE 7 & GBI IS HI BT RETH 5. COFRIITELEEHOTHICLE Lk 5
73, FOIHRBEHEOKEF FTIREHLZLDTHAL, 2— F ETHEMWICHB LTI ToE0 R
Wicw, FERHIZERES 5.

%8 2 (Formula.instEncodable) : o %% Encodable TH 57 5 Formula a & Encodable TH 5.
Thbb, REimT.

1. Formula o 2> 6 HAREA D 2IBIZL encode : Formula o » N ASFEFET 5.

2. BRI 6 Formula a ~DIRBIEL decode : N - Option (Formula o) DSFFEFET 5.

3. fEED ¢ : Formula a \22WT, decode (encode @) IFFEFEL, »D2Z DfflL ¢ EFEL L.

def toNat : Formula a » N
def ofNat : N » Option (Formula a)
lemma ofNat_toNat : ¥ (¢ : Formula a), ofNat (toNat @) = some @

instance : Encodable (Formula a) where
encode := toNat
decode := ofNat
encodek := ofNat_toNat

EZ 3 (Theory) : Formula o DIES ZHH Theory o & FER.

abbrev Theory (a) := Set (Formula a)

3. SEEAIEZRDE A

FERAARR E L C Hilbert IR 2T 5. RRNUELZEOABEPEAL TV A0, ZHhIISHRERBER
WEREL XM L ERHELTDIETH 5.

FSERA) & TEERATE A ZEZRXHL TV A Z EICEETA. RiBRA TS =2 ThYH, BHEIL
METH 5.

E % 4 (Proof) : Formula a EDFERH Proof ¢ ZIRIIAUICEFET 5. Proof ¢ Z ! ¢ £F L.
1. ROBHEXIBIAHTHY, ZABIKRTIEHIC 5.
e andElimL: @ A U > ¢



® andElimR: @ A ¥ »> ¥
e andIntro: @ » ¥ » (9 A V)
e orIntroL: @ » (¢ v V)
* orIntroR: ¥ > (¢ Y V)
® orElim: (@ » x) » (W » x) » (9 Y ¥ » X)
* impS: (@ > ¥ > x) » (¢ > V) > (0> x)
* impKig > ¥ > o
s efg:1 >0
e lem: @ YV ~@
2. mdp: @ > Vv DFAEEH & ¢ DFEEAD 5, vy OFEEASE G N B,

inductive Proof : Formula o » Typex
andIntro! {¢ ¥} : Proof $ ¢ -~ ¥ - (0 A V)
andElimL! {@ ¥} : Proof $ (¢ A V) - @
andELlimR! {o y} : Proof $ (¢ A V) - ¥
orIntroL! {¢ ¥} : Proof $ ¢ - (¢ Y V)
orIntroR! {¢ ¥} : Proof $ ¥ -~ (¢ v V)
orElim! {@ ¥ x} : Proof $ (¢ Y ¥) » (9 » x) » (¥ » x) » x
impS! {o ¥ x} : Proof $ (¢ » (Vv » x)) » (¢ » ¥) » (9 » x)
impK! {o ¥} : Proof $ 9 -V » @
mdp! {o ¥} : Proof (¢ - V) » Proof ¢ > Proof V¥
efq! {0} : Proof $ 1 - ¢
lem! {o} : Proof $ @ vV ~¢

prefix:40 "+! " = Proof

EZ 5 (Provable, Unprovable) : ¢ DEFRH 1 o BSIEFET B & F ¢ 1ZFFBITTHE Provable ¢ TH 5B
LEW, o &EL.

def Provable (¢ : Formula a) := Nonempty (r! @)
prefix:40 " " = Provable

%ﬂ(l

BARTBE Gl e\ & 5, ¢ (ZFEERHABE Unprovable ¢ TH B ET, ¢ ¢ EEL.

abbrev Unprovable (¢ : Formula o) := =(- @)
prefix:40 "¥ " = Unprovable

OIS 2 E2H, EHARTD S Z EIFFENEFEEL LRV L LFAETD 5.
DBETIEE & O R ZBIC 3 fb 3, R THEm T 2 2 LICT 5.

#5728 6 (Provable.impId) :- @ - o

BIEER :

1. ¢ » (¢ » @) » ¢l impk & D FEBHTRE.

2. (0 (0-0) ~0) ~(0~0-0) -0~ 0ldinps & v AERHATRE.
3.1 £2.59 mdp 2°5 (9 - ¢ - 9) » ¢ » ¢ (FFLEATEE.

4.9 + ¢ » ¢l impK & b RERATTRE.

5.3. £ 4. 59 mdp 25 ¢ -~ ¢ ASEEEAT]BE.



lemma impId : + @ > @ := by
have hs : -0 - (¢ » @) » @ := impK;
have ha : - (¢ » (¢ > @) » @) » (9 > ¢ > 9) ~ ¢ » ¢ := impS;
have hs : - (9 » @ » @) » @ » @ :=mdp hz hi;
have ha : @ » @ » @ := impK;
exact mdp hz haj

@

a
HIATEE & 0 ) BERREMIICH IS CVODT, 83T I LFLR TS T2 ICEHBEL VO Ma%
HAT 5.

B

2 7 (Deduction) : Theory « TH BT 5 ¢ ~DEHEFE Deduction I ¢ ZIFMICERT 5.
Deduction T @ % I +! ¢ EEL.
l.oerZzoid, r! g 2B TR,
2. fEEH K o 26 T ! o ZIE TR,
ST H oy ETH 26, T Yy ZHTEW.
| of_context! {I @} : @ € I > Deduction ' @
| of_proof! {I ¢} : ! @ > Deduction I ¢

| mdp! {I ¢ ¥} : Deduction I' (¢ - V) = Deduction I ¢ » Deduction I ¥
infix:40 " ~! " = Deduction

EZ 8 (Deducible) : T ° 5 g ~NDEED w1 o BIEIET B & F, ¢ 131 » O EEEAEE Deducible
Fre TChHABRLES, Tro EL.

infix:40 " ~ " = Deducible
ZHITIRWVWESE, oldr > 6HEBEAREE Underiavlbe T ¢ THBHEFW, T ¢ ¢ EEL.

infix:40 " ¥ " = Undeducible

##78 9 (Deducible.weakening) : T c A2 T - o 2 0UE, Ar o

FEFR : BUEETTREVEDIRINEIC L 5.

(of _context)p e T IR EZH X L9 e ATHANG, Ar! g THA.

(of_proof) ! ¢ L IEA +! ¢ THA.

(mdp) T ! @ >V &ET ! o5, RIEDRENS AR g >V E A g THABHDH, mdp
PHZIEAR yTHA.

lemma weakening (hfA : T c A) (h : T @) : Ar @ := by
induction h using Deducible.rec with
| of_context h =
apply of_context;
exact hrA h;
| of_provable h =



apply of_provable;
exact h;

| mdp di dz2 ihi ih, =
apply mdp;
. apply ihs hra;
. apply ihz hra;

WEIDRELTELICKSELNS.

% 10 (peducible.weakening_insert) : T + @ 72 6 1E, insert y I + ¢

@[grind =]
theorem deduction_theorem : (insert @ M) vy o T + (@ > ¥) := by

B L WO R EA L O EEEH & EN 2R 72 B 11 27T 5700 TH 5.

TR 11 GEETEIE, Deducible.deduction_theorem) : insert ¢ T - Yy & T + ¢ » ¢y XAETH
5.

SRR -
(=) insert ¢ T + ¥ _EDIFHHE.

(of_context) ¥ € insert ¢ I 2 6 EFET T 5.
Y= DES, THro-@THDY, impld L H YLD,
Yy elrDEE, THFYTHANL, afortiori VT rHe >y THA.

(of_provable) + ¢ 7 G (EFEBATTBEME E D afortiori £ D - @ - y TH Y, of_provable & b
T -y TH5H.

(mdp) FHAIEDIREL YD T HFeg -V > X ET Fe >y THEDNL, impS DT+ - x TH
5.

(=)rro-yis R10 &Y insert g T o -y THAB., ZHEREDS mdp 2 2L
insert ¢ T + ¢y TH 5.

theorem deduction_theorem : (insert @ I) V¥ o T + (@ > V) := by
constructor;
. intro h;
generalize eA : insert @ [ = A at h;
induction h using Deducible.rec with
| of_context h =
subst eA;
simp at h;
rcases h with (rfl | h);
. exact impld;
. apply afortiori
apply of_context hj;
| of_provable h =
apply of_provable;



exact Provable.afortiori h;

| mdp — _ ihs ih; =
subst eA;
replace ihs := ihs (by grind);
replace ih, := ih, (by grind);
apply ruleImpS ihs ih;

. intro h;
apply mdp (weakening_insert h);
apply of_context;

simp;
#8578 12 (Deducible.ruleImpTrans) : T ¢ » Y B LT T Yy - x oW, T o - x
SIEER :
1. FF 11 S OIREr -9 > vidinsert o T+ Yy EA{ETH 5.
2. bORHFDIRET v - x 12 R1I0 & D insert g Ty » x TH 5.
3.1 £ 2. &Y mdp #fE 2L insert g T + x TH 5.
4. U EH 11 Y rrg-xTHA.
lemma ruleImpTrans : T @ -V >T VY > x>TF@ > := by
intro hi haj
replace hs : insert @ I + V¥ := deduction_theorem.mpr hi;
replace h2 : insert ¢ ' + ¥ » x := weakening_insert hz;
exact deduction_theorem.mp $ mdp hz hi;
#4578 13 (Deducible.TuleEFQNeg) : T + ~p 72 H UL, T+ ¢ -
SEER : ~g 239 » 1 THAHZ LICEFEETAIE efqg & MIE 12 L OEBICHES.
lemma ruleEFQNeg : T+ ~¢ > T + @ » ¥ := A h = rulelmpTrans h efq

#4578 14 (Deducible.TuleDNE) : T + ~~p 2 0E, T+ o

SEEA : ruleorElim & lem & D T o » g ET -~ » ¢ ZFZERV. BIEL impld 206, HBH
FEr e~ & @813 LR,

lemma rtuleDNE (h : T + ~~0) : T + @ := by
apply ruleOrElim lem;
. show '+ o - o;
exact impId;
. apply ruleEFQNeg h;

4. BERERDEA

Z DL Logic101/CPL/Semantics.lean IZEWT H 5.



EZ 15 (valuation) : G4 « » Prop ZfHMHE valuation & FER.

abbrev Valuation (a) := a » Prop

E2 16 (Forces) : imPER ¢ : Formula o 23fME v : valuation a (2 & - TH#fi| S 415 Forces v
EVIOBRERDIIICEFRT A, Forces Vo Vvie g &EL.

Vi #a (3HEOEY a TH 5.

Vok LB L 2.,

ViFQ AVIEVIE 2DV EVYDESHNT A,

ViFo YU Vire2/ll3viryDESHITAS.

ViFgs> v veo2oilvikyDE ST 5.

A

def Forces (V : Valuation a) : Formula a » Prop

| #a =V a

| L = False

| o AV = Forces V @ A Forces V |
|ch\I; = Forces V ¢ v Forces V ¥
| o -V = Forces V ¢ » Forces V {

infix:50 " = " = Forces

~lE o> 1 THY, TId~1THEZENG, EEDLGIRMED L.

fEE 17
eV ik ~pld Vg TRWESIIHET A,
e Vo TUIIHISHNIT .

@[grind .] lemma forces_top : V i+ T := by grind;
@[grind =] lemma forces_neg : V Ik ~¢ & =(V I @) := by grind;

EFE 18 (valid) : iR ¢ 5% Y valid ¢ TH B L, AEDOMEVICH LTV v ¢ 23T
HZLETHA. valid g Zr 9 EEL. DAV e b —Fr Y — Tautology THAHELF .
def valid (@ : Formula a) : Prop :=V V, Vi @

prefix:50 " " = Valid
alias Tautology := Valid

2 19 (Consequenceon) : fHME vV EFEH T LR o122V T, vvel, Vi v bl vireg
DT HEES, VIZBWTT 2926749 5 ConsequenceOn V I ¢ £ . ConsequenceOn
VI %I e[V] o £EL.

@[grind .]

def ConsequenceOn (V : Valuation a) (I : Theory a) (¢ : Formula a) : Prop := (V V €
Fry Vivy)>Viko

notation T " k[" V "] " @ = ConsequenceOn V I @



E 2 20 (Consequence) : EEDHME v 122\ T ConsequenceOn V I @ DS $TA EE, T HS o >
LIRSS A Consequence T @ £ 9. Consequence T 9 Z T k ¢ £EL.

def Consequence (I : Theory a) (¢ : Formula o) : Prop :=VY V, I [V] @
infix:50 " £ " = Consequence

AP TH B 2 & LB O BIRRRIVICIRRG T 5 2 L I2FAETH 5.

#HRE 21 (iff_valid_forall_forces) : k 9 ld ok ¢ LHETDH 5.

lemma iff_valid_forall_forces : E @ @ @ := by simp [Valid, Consequence,
ConsequenceOn]

T 22 (LM, sound) : T o6 e o

GEPR : BEEATREMEDJRIATRIC L 5.

(of _context) fFEDIHMEV ZHY, vyer, viy%RETASA. ZDESger 6V
e YL E, vVOEEMELI Y e o B YLD,

(andIntrol R E) ZERBAE EWCH LTV oA V> 0V Q- V- g REBEOIIOZ E#
R T AUER .

(mdp) EEDFEY EVver, Vi v 2RETH. BIIEDRELI T gy &M e @t
OO0, FFlCV ke -V EVEEAEYIID., LoTVvw AT,

theorem sound : T @ > T E @ := by

rintro h;
induction h using Deducible.rec_provable with
| orElim =
intro V hv;
grind [Forces];
| mdp — _ ihgy ihg =
intro V hv;
exact ihgy V hv $ ihe V hv;
| - = grind;
(|
% 23 (sound_provable) : - 9 72 6 1Ek o
lemma sound_provable : v @ » £ @ := by
SEER : WHL 22 Tr &L L Toe MY, 21 ZHONITR VL. a

% 24 (consistent) : ¢ 1. Thbb, FOL) LRBEATOTHEETH LRTIREVLLE VD
ERTIEHARREIFEL TV,



SERR : 36K R23 06 - L THAH, BEULMEY ZEAUEV F L 2, EBCIKT 5.

theorem consistent : ¥ (L : Formula a) := by
by_contra h;
apply sound_provable h (A - = True);

d
DB FINTD 55N E R TICD IRk A R ERSBLETDH 5.
T2 25 (Theory.Inconsistent, Theory.Consistent) : HEH T B FE L T 5
Theory.Inconsistent I LT - L THAIERIET. £H5ThVWESTRETE
Theory.Consistent T TH A EF .
abbrev Inconsistent (I : Theory a) : Prop :=T + 1
abbrev Consistent (I : Theory a) : Prop := -(I.Inconsistent)
#H7E 26 (Theory.iff_inconsistent_insert, Theory.iff_consistent_insert) :
1. insert o T BEFFETHAZEET - ~p L[EMETH 5.
2. W insert ~g T BFELTWAL I EETr ¢ ~¢ EFEETH 5.
SEFR : HEAEEHECEE 1D)DOFEZDSDTH 5.
@grind =] lemma iff_inconsistent_insert : (insert @ I).Inconsistent o I + ~@ :=
deduction_theorem
@ grind =] lemma iff_consistent_insert : (insert ¢ I').Consistent o [ ¥ ~p :=
deduction_theorem.not
|

#8578 27 (Theory.either_unprovable_of_consistent) : T 2SEFETH AL LI, T o TRET
¥~ DT AEY T,

SEFA : A LZDTRVWETALET e DOT H~p THAH. LEN>Tmdp 26T+ 1L THY,
Fr3EFETHS EVIREIIKT .

lemma either_unprovable_of_consistent (F_consis : [.Consistent) (@) : T ¥ @ v T ¥
~¢ := by

contrapose! _consis;

obtain (h@, hng) := I_consis;

apply mdp hne hg;

HE28:1r ¢ o b lE, insert ~¢ T IXEFETH 5.

SERA : SHME %Y. insert ~ TBFFELTWALET AL E, MIE20EY T -~ THY,
TuleDNE £ D T+ o TH 5.



lemma consistent_insert_neg_of_unprovable (h : I ¢ @) : (insert (~g)

I).Consistent := by
contrapose! h;
apply ruleDNE;
apply iff_inconsistent_insert.mp h;

g

EE 29 (Maximal) : HER r AWK Maximal T TH 5 &1L, EEOHRHER o lZPWVWToer /2
F~p e T YD ETHAS.

abbrev Maximal (I : Theory a) : Prop := VY @9, 9 €T v ~p €T

E 2 30 (MaximalConsistentTheory) : FEFE DM AL I : Theory o Z KT EHE R
MaximalConsistentTheory a & FEA.

abbrev MaximalConsistentTheory (a) := { I : Theory a // [.Consistent A [.Maximal }

WwD EH 31 13 Lindenbaum i L FHEN A EHEZEHTH Y, ZEMEHOEHICH W TH~EZ K
F. ZOTEHOFHICIE Lean BT A X DL~V THiPEZHOWTWAZ LICEE Sz,

TEHE 31 (Lindenbaum) : T BEFETH 542 61, H2HATTEHM A BIFELTT c A i
Y.
lemma lindenbaum (I : Theory a) (F-consis : Theory.Consistent ') : 3 A :

MaximalConsistentTheory a, ' c A.1 := by

T 31 OFFHIZIE WL 2 ORI EBCHENSDLETH 5.

EF& 32 (Lindenbaum_expand) : Him r &3P ¢ .22 T, lindenbaum_expand T ¢ ZIRD & 5
EET 5.

e insert ¢ I BT ETH 5 7% 61, lindenbaum_expand I ¢ = insert ¢ I

o 25 Chiyfuf, lindenbaum_expand I ¢ = T

open Classical in
def lindenbaum_expand (I : Theory a) (¢ : Formula a) : Theory a := if

Theory.Consistent (insert @ ) then insert @ I else I

FE33: 22T, insert o T AMEFETH 5 M IIIREME CIIESRFE (Decidable Tld )
TH DM, Classical THOTHIEFREE LTV A Z LICHEER L.

##H78 34 (consistent_lindenbaum_expand) : T 23EFJETH 5 72 6 1E, lindenbaum_expand T ¢ b
EFETDHA.
SEER . EEREMMRE»> GEDICHE .

10



@[grind =]
lemma consistent_lindenbaum_expand (F_consis : Theory.Consistent I') :

Theory.Consistent (lindenbaum_expand I' @) := by
dsimp [lindenbaum_expand];
split <;> assumption;

LT o BFIZEREIZ LT 5 L, Ml 2 2 6mBl3SEARTHALLELTLL.

E 2 35 (lindenbaum_indexed) : HRE CEHFE T & iz FHEH DFE Llindenbaum_indexed : N »
Theory o ZIRD & I IZEFET 5.

e lindenbaum_indexed 0 =T

* lindenbaum_indexed (n + 1) (& & L n \CXHIET B emPHs ¢ 3fFFET 5 £ F lindenbaum_expand
(lindenbaum_indexed n) @ & L, FZEL 2\ & 13 lindenbaum_indexed n &3 5.

=T

n+1=

match (decode n) with

| some @ = lindenbaum_expand (lindenbaum_indexed I n) @
| none = lindenbaum_indexed I n

def lindenbaum_indexed (I : Theory a) : N > Theory «
| o
|

#8578 36 (consistent_lindenbaum_indexed) : T BEFIETH S5 61, FEOHAK n 1221 T
lindenbaum_indexed n b EFETH 5.

BERA : fOES & O fili 34 26 n OIFFREIC L > Timah b,

lemma consistent_lindenbaum_indexed (F_consis : Theory.Consistent ') :
Theory.Consistent (lindenbaum_indexed I n) := by
induction n with
| zero = assumption;
| suce n ih =
dsimp [lindenbaum_indexed];
split;
. grind [consistent_lindenbaum_expand];
. assumption;

a

#5728 37 (monotone_lindenbaum_indexed) : FERE DO HEHAE n < m {2\ T, lindenbaum_indexed n
¢ lindenbaum_indexed m A3H b 37D,

SEEA :n =mDESHM. n<sn THRZTAERELTn sm+ 1 DEEZRT. HLPICESE

7> 6 lindenbaum_indexed m ¢ lindenbaum_indexed (m + 1) TH 5 h 6 ¢ DHEBEE L IFE DR
ENLHRED.

lemma monotonic_lindenbaum_indexed (h

lindenbaum_indexed ' m := by
induction h with
| refl = simp;
| step h ih =
trans;

:n<m) : lindenbaum_indexed I n C

11



. exact ih;

. dsimp [lindenbaum_indexed, lindenbaum_expand];
split;
. split <;3> grind;
. grind;

E 2 38 (lindenbaum_maximal) : iR lindenbaum_maximal 2 T XTOHARE n (25T 5
lindenbaum_indexed n OFNIESR E L TEET 5.

def lindenbaum_maximal (I : Theory a) : Theory a := U n, lindenbaum_indexed I n

#HE 39 : ¢ e r.lindenbaum_maximal & % HARK n H3FFE L T ¢ e lindenbaum_indexed n T&H
52 LLAETH 5.

GERR @ EFERL OIS .

lemma iff_mem_lindenbaum_maximal : @ € I'.lindenbaum_maximal ¢ 3 n, ¢ €

[.lindenbaum_indexed n := by
simp [lindenbaum_maximal, Set.mem_iUnion]

O
HﬁEE 4()(subset_lindenbaum_indexed_lindenbaum_maximal,subset_lindenbaum_maximal):
1. FZEDOBEARE n IO\ T, lindenbaum_indexed n ¢ I.lindenbaum_maximal A3J& H 37D,
2. BFIZ T ¢ r.lindenbaum_maximal 23 9 32D,
SEER : EFE L DA G Do,
lemma iff_mem_lindenbaum_maximal : ¢ € I.lindenbaum_maximal e I n, @ €
[.lindenbaum_indexed n := by
simp [lindenbaum_maximal, Set.mem_iUnion]
@[grind .]
lemma subset_lindenbaum_indexed_lindenbaum_maximal : lindenbaum_indexed ' n ¢
lindenbaum_maximal I := by
intro ¢ ho;
apply iff_mem_lindenbaum_maximal.mpr;
use n;
lemma subset_lindenbaum_maximal : ' ¢ lindenbaum_maximal I :=
subset_lindenbaum_indexed_lindenbaum_maximal (n := 0)
|

#5728 41 (exists_deducible_maximal) : I'.lindenbaum_maximal @ 7% G E, 2 5 HAAE n M3 1ELE

L T lindenbaum_indexed n + q.

SEFA : r.lindenbaum_maximal + @ X L CTHEARFREMEIC O W T OIFMNEZTT S .

12



(of_context) ¢ € I.lindenbaum_maximal 7 6 1E, EENP O DHLEHARE n SFEL Ty €
lindenbaum_indexed n T A. & - T lindenbaum_indexed n + ¢ TH 5.

%ﬂ{l

(of_proof) AEFHTIRETH A 74 6 £ 6 T & WIRME L THABARE/CA 6, n = 0 ETHAER L.

(mdp) I'.lindenbaum_maximal + ¢ - ¥ & I.lindenbaum_maximal + @ {ZX§ L C JFNEDIRE & O
Hbn & miZx LT lindenbaum_indexed n + @ » ¢ & lindenbaum_indexed m + @ ASEL Y 3ZD.
COLEFEOHEAE E nax nmETIEL Y, ¥R On<smax nmA2Omsmax nmT
Hbh 6, A 37 &Y lindenbaum_indexed (max n m) - @ - ¥ & lindenbaum_indexed (max
nm)Fo2HYILH, mdp & D lindenbaum_indexed (max n m) + y AL D LD,

lemma exists_deducible_maximal (h : I.lindenbaum_maximal + ¢) : 3 n,

lindenbaum_indexed ' n + @ := by
generalize eA : I.lindenbaum_maximal = A at h;
induction h using Deducible.rec with
| of_context h =
subst eA;
obtain (n, hn) := iff_mem_lindenbaum_maximal.mp h;
use n;
apply of_context hn;
| of_provable h =
use 0;
exact of_provable h;
| mdp di d2 ihs ih, =
obtain {(n, ihi) := ihs eA;
obtain {(m, ihz) := ih, eA;
use max n m;
apply mdp;
. exact weakening (monotonic_lindenbaum_indexed (by omega)) ihi;
. exact weakening (monotonic_lindenbaum_indexed (by omega)) ihz;

a

#8578 42 (consistent_lindenbaum_maximal) : I ASEEFJE 72 & I.lindenbaum_maximal & fEF & TH
5.

SEEA: 4 LZO>ThWET A E, ME41 £ Y DBEHARE n HFFE L T lindenbaum_indexed n +
LTHAD, T MEI KT 5.

@[grind .]
lemma consistent_lindenbaum_maximal (F_consis : Theory.Consistent I') :
Theory.Consistent (I.lindenbaum_maximal) := by

by_contra hC;

obtain (_, hn) := exists_deducible_maximal hC;

apply consistent_lindenbaum_indexed F_consis hn;

878 43 (maximal_lindenbaum_maximal) : I SHEFJE 72 b . lindenbaum_maximal (MK TH 5.

SEER : EEICHREER o 2B 5. flifE 42 £ Y r.lindenbaum_maximal (XMEF/ELTH 6, HIE 27
& Y r.lindenbaum_maximal ¢ ¢ ¥ 721% r.lindenbaum_maximal ¥ ~@ A3E% Y 3ZD.
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.lindenbaum_maximal ¥ ¢ DFE%EZ S, ZDE S insert (~¢) (I.lindenbaum_indexed
(encode (~@))) (FEFJE T\ E{RET % & . lindenbaum_indexed (encode (~¢)) + ~~¢ TH 5
75, tuleDNE & D .lindenbaum_indexed (encode (~¢)) + @ 23 DIZD. L7cH-> T FHiHEI &
fIE 41 & 9 r.lindenbaum_maximal + @ S DL, REIWCK T A. L7chH > T insert (~9)
(r.lindenbaum_indexed (encode (~¢))) (3ETF/ETH A 0>5, ~¢ € I'.lindenbaum_indexed
(encode (~p) + 1) B ILH, fHE 39 & D ~¢ € r.lindenbaum_maximal 23B% Y 32D,

%HZ DA SRR L T ¢ e r.lindenbaum_maximal 235 b 372

WFHUIZE & ¢ e . lindenbaum_maximal % 7213 ~¢ e I'.lindenbaum_maximal 23 H T2 H 5
r.lindenbaum_maximal (3K TH 5.

lemma maximal_lindenbaum_maximal (F_consis : Theory.Consistent ') : Theory.Maximal

(. lindenbaum_maximal) := by
intro o;
rcases .lindenbaum_maximal.either_unprovable_of_consistent
(consistent_lindenbaum_maximal I_consis) ¢ with (hC | hC);
. right;
apply iff_mem_lindenbaum_maximal.mpr;
use ((encode (~@)) + 1);
suffices (insert (~@) (I.lindenbaum_indexed (encode (~9)))).Consistent by
simp [lindenbaum_indexed, lindenbaum_expand, this];
apply iff_consistent_insert.mpr;
contrapose! hC;
apply weakening (by grind) (ruleDNE hC);
. left;
apply iff_mem_lindenbaum_maximal.mpr;
use ((encode @) + 1);
suffices (insert ¢ (I'.lindenbaum_indexed (encode @))).Consistent by
simp [lindenbaum_indexed, lindenbaum_expand, this]
apply iff_consistent_insert.mpr;
contrapose! hC;
apply weakening (by grind) hC;

a
IhT EH 31 OFE D EEfAEE - 72,
SEER (EEE31) : EF/E R T #HLY, Z D r.lindenbaum_maximal Z A &3 HUE, T c A THACZ
I AHEAA0 SO, ADPEFETHAZ LI MHELI2 LHKEY, APBKTHASZ LI M
43 L HRESD.

lemma lindenbaum (I : Theory a) (F_consis : Theory.Consistent I') : 3 A :

MaximalConsistentTheory a, ' ¢ A.1 := by
use (I.lindenbaum_maximal, consistent_lindenbaum_maximal _consis,

maximal_lindenbaum_maximal [_consis);
exact subset_lindenbaum_maximal;

a

FEE 44 ERRICE, T 31 12 Mathlib 125 3 Zorn OFE E WL O DESICET A MHEY
HAEThE o LY S EEBRICEIHTS 5.

RIS AR IET JER GRS L THEEZ AT, BIFr 3BREFEHwmTH L LT 5.
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#8578 45 (MaximalConsistentTheory.iff_mem_provable) : FEER ¢ 122V T, gerEr o &[H
fETH 5.

SEER -

(=) of_context 7> 5 EH G 2>,

(<) Maximal THBE0>5 ~p ¢ T THAZ EZEAEREWL. 8L~ er kol rr-~THA
MDORETrFroEmdp KOV T -1 BFAT, THEFETHAZEICKT 5.

constructor;
. apply of_context;
. intro h;
suffices ~p ¢ .1 by grind;
by_contra hC;
apply l.consistent;
apply mdp;
. show .1 + ~0;
apply of_context hCj;

. exact h;
a
##78 46 (MaximalConsistentTheory.not_mem_bot) : 1 ¢ I.
FEFA : M 45 & OETEES CE S ISHED .
@[simp, grind .] lemma not_mem_bot : 1 ¢ .1 := by grind;
u
#8578 47 (MaximalConsistentTheory.iff_mem_neg) : ~p e T2 ¢ ¢ T EFEMETD 5.
GIEPR : i 27 & M 45 KO EDISHRED .
@[grind =] lemma iff_mem_neg : ~p € .1 o @ ¢ .1 := by constructor <;> grind;
|
#HRE 48 (MaximalConsistentTheory.iff_not_mem_provable) : ¢ ¢ T & T + ~¢ L[EMETH 5.
GIEPR : #HE 47 & M 45 LV EDISHRED .
@[grind =] lemma iff_not_mem_provable : ¢ ¢ .1 o .1 + ~@ := by grind;
|

#HRE 49 (MaximalConsistentTheory.iff_mem_imp) : ¢ ~ Vv e ML Toer 26y ery LHEMET
b 5.

SEHA -
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(=)HEAS LV T ooV THoROLWErry THAHZ EZFEHTIHIEEY., 4l ndp
TDHDTHA.

(=) ToperzolEvery 2RETAZER Toe¢rEh3yver DELLMLEEMETD
A.

el ERETAEMMELT LY «ge T THIDPSL, T~ THY, ruleEFQNeg £ D T + o
RN RVACH

Vel LRETAET -y THAEH L, afortiori £ T o » v AEH IO,
WETARUZE L TR -y 2SR D L.

lemma iff_mem_imp : (@ - Y) e .1 o (9 e .1 >y € I.1) := by
constructor;
. simp only [iff_mem_provable]
apply mdp;
. rintro h;
rcases not_or_of_imp h with (hg | hy);
. replace hg := iff_mem_neg.mpr hg;
simp only [iff_mem_provable] at hg +;
exact ruleEFQNeg ho;
. simp only [iff_mem_provable] at hy +;
exact afortiori hy;

FEB0: =180 T TARGWEB, % TATRY, 272 B ORMELLRMT L
(not_or_of_imp)l¥ Lean ED A #FHFE & L CTHHEBIET L AL L 72 o,

#8728 51 (MaximalConsistentTheory.iff_mem_and) : 9 AV e Tl oer Oy el LFEMETD 5.

SEEH : fiEAS IO T r oAV BT ro DT vy ERMETH S Z L2 IERY. = FHIZ
ruleAndElimL & ruleAndElimR 7> 5, <= FIHE ruleAndIntro 2> HHED .

lemma iff_mem_and : (¢ A Y) e T.1 o 9 €T.1 AV eTl.1 := by
simp only [iff_mem_provable]
constructor;
. intro h;
constructor;
. apply ruleAndElimL hj;
. apply ruleAndELlimR hj;
. simp only [and_imp];
apply ruleAndIntro;

a

78 52 (MaximalConsistentTheory.iff_mem_or) : 9 Y Y e T X o e T /3 ver LAMETH
5.

SEHA -
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(=)oY VelrZOTTrrov yThH5b. ge¢Tr POy ¢rCERETAHE, MEL48 LD T
E~ DO T -~y THAB. LAEB>TruleOrElim L O T - 1 THY, rBEFETHSHZ L
R A, doToerildver.

(=) HE45 IV T r o BTy AbErrovyThirI Lttt iERL. ZhiZ
ruleOrIntroL 7213 ruleOrIntrorR 2> HHE D .

lemma iff_mem_or : (@ Y V) €eT.1 e e .1 vyerl.l:=bhby
constructor;
. intro h;
by_contra! hC;
obtain (hg, hy) := hC;
replace hg : T + ~p := iff_not_mem_provable.mp ho;
replace hy : T + ~y := iff_not_mem_provable.mp hy;
apply l.consistent;
apply ruleOrElim (iff_mem_provable.mp h) hg hy;
. simp only [iff_mem_provable];
rintro (hg | hy);
. apply ruleOrIntroL;
exact ho;
. apply ruleOrIntroR;
exact hy;

hTametelznrnTa2TOE/mIE S /2.
TIE 53 (LM, complete) : Tk o B OWET o

SERH : B ZRT. ry o EIRET AL, 28 &£ D insert (~p) TIZEFETHA. L1
Mo T EH 3] & OMKET GG A BTFFAEL T insert (~¢) I c A Zib/CT & DHEN S,
COLESMHMEVZ #a D AICEBTALEHLTHEED S, T4E, mHANORMNES L O #
i 46, fiHiE 49, fMES]L, MEL2 LYV vk vidyea LFETH A Z EDRE 5.
Lo T, TcATHAINPLY Vel, Vi yBEIIID., 272, ~ e ATHDEINHV 1 ~p B3
BYI>, Thbbvir e TRV,

EoTreol3BYILizZz .

theorem complete [Encodable a] : Tk @ > T + @ := by
contrapose!;
intro h;
suffices 3V, (WY e€l, Vi y) A=V o by simpa [Consequence, ConsequenceOn];

obtain (A, hrA) := (insert (~@) I').lindenbaum $ by grind
[Theory.consistent_insert_neg_of_unprovable];

let V : Valuation a := A a = (#a € A.1);
have hV : V {y}, Vi ¥ o ¥y € A.1 := by
intro V3
induction ¥ <;3;> grind
use V;
constructor;
. intro y hy;
apply hV.mpr;
apply hra;
grind;
. apply hV.not.mpr;
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apply A.iff_mem_neg.mp;
apply hra;
grind;

5. 2a— F£YX

import Mathlib.Logic.Encodable.Basic

variable {a : Type u}

inductive Formula (a : Type u)

| atom : o » Formula «

| bot : Formula a

| and : Formula a » Formula o » Formula a
| or : Formula a » Formula o » Formula a
| imp : Formula a - Formula o » Formula a
deriving DecidableEq

namespace Formula

prefix:90 "#" = Formula.atom
notation:max "L" = Formula.bot
infixr:85 " - " = Formula.imp
infixl:84 " A " = Formula.and
infix1:83 " v " = Formula.or

@ grind] def neg (¢ : Formula a) : Formula @ := @ - L
prefix:90 "~" = Formula.neg

@[grind] def top : Formula o := ~1
notation:max "t" = Formula.top

section

variable [Encodable a]
open Encodable

def toNat : Formula o » N
L = (Nat.pair 0 0) + 1

#a = (Nat.pair 1 < encode a) + 1

® » ¥ = (Nat.pair 2 < ¢.toNat.pair Vy.toNat) + 1

® AV = (Nat.pair 3 <] ¢.toNat.pair y.toNat) + 1

® YV = (Nat.pair 4 <] ¢.toNat.pair Vy.toNat) + 1
def ofNat : N » Option (Formula a)

0 = none

e+ 1=

let idx := e.unpair.1

let ¢ := e.unpair.2

match idx with
| 0 = some 1
| 1 = (decode c).map (#-)
| 2 =
have : c.unpair.1 < e + 1 := Nat.lt_succ_iff.mpr
$ le_trans (Nat.unpair_left_le _)
$ Nat.unpair_right_le _
have : c.unpair.2 < e + 1 := Nat.lt_succ_iff.mpr
$ le_trans (Nat.unpair_right_le _)
$ Nat.unpair_right_le _
do
let @ <- ofNat c.unpair.1
let ¥ <- ofNat c.unpair.2
return ¢ - ¥
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| 3=
have : c.unpair.l < e + 1 := Nat.lt_succ_iff.mpr
$ le_trans (Nat.unpair_left_le _)
$ Nat.unpair_right_le _
have : c.unpair.2 < e + 1 := Nat.lt_succ_iff.mpr
$ le_trans (Nat.unpair_right_le _)
$ Nat.unpair_right_le _
do
let ¢ <- ofNat c.unpair.1
let y <- ofNat c.unpair.2
return @ A ¥
| 4 =
have : c.unpair.1 < e + 1 := Nat.lt_succ_iff.mpr
$ le_trans (Nat.unpair_left_le _)
$ Nat.unpair_right_le _
have : c.unpair.2 < e + 1 := Nat.lt_succ_iff.mpr
$ le_trans (Nat.unpair_right_le _)
$ Nat.unpair_right_le _
do
let @ <- ofNat c.unpair.1
let ¥ <- ofNat c.unpair.2
return @ v ¥
| - = none

lemma ofNat_toNat : V (¢ : Formula a), ofNat (toNat @) = some ¢
| #a = by simp [toNat, ofNat, Nat.unpair_pair, encodek];
| L = by simp [toNat, ofNat]
| ¢~V | @AV | @ vv = by simp [toNat, ofNat, ofNat_toNat ¢, ofNat_toNat V]

instance : Encodable (Formula o) where
encode := toNat
decode := ofNat
encodek := ofNat_toNat

end

end Formula
abbrev Theory (a) := Set (Formula a)

import Logic101.CPL.Formula
variable {a} {® ¥ x : Formula a} {I A : Theory a}

inductive Proof : Formula a
andIntro! {¢ ¥} : Proof $
andelimL! {@ ¥} : Proof §
andElimR! {o ¥} : Proof §
orIntroL! {¢ ¥} : Proof §
orIntroR! {¢ Y} : Proof $
$

(

0

(

$

$

orElim! {¢ ¥ x} : Proof OV Y) > (9-x) > (W-2x)~x
impS! {@ ¥ x} : Proof $ (¢ » (W » x)) » (0 - ¥) » (9 » x)
impK! {0 ¥} : Proof $ o » V¥ > @

mdp! {o ¥V} : Proof (¢ - ¥) » Proof ¢ > Proof V¥

efq! {0} : Proof [0}

lem! {¢} : Proof
prefix:40 "r! " = Proof

def Provable (¢ : Formula a) := Nonempty (! @)
prefix:40 "+ " = Provable

abbrev Unprovable (¢ : Formula a) := =(F @)
prefix:40 "¥ " = Unprovable

namespace Provable

open Proof
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@[grind .] lemma andElimL : + (@ A ¥) » ¢ := {andELlimL!)

@ grind .] lemma andELlimR : + (@ A ¥) - ¥ := (andElimR!)

@ grind .] lemma andIntro : @ » ¥ » (@ A V) := {(andIntro!)

@ grind .] lemma orIntroL : + @ » (@ Y V) := {orIntroL!)

@ grind .] lemma orIntroR : + ¥ » (@ Y ¥) := (orIntroR!)

@ grind .] lemma orElim : + (@ Y ¥) » (0 » x) » (V » x) » x := (orElim!)
@erind .] lemma impS : + (¢ » (¥ » X)) » (@ » ¥) » (9 » x) := {(impS!)
@grind .] lemma impK : + @ » ¥ » @ := (impK!)

@ grind .] lemma efqg : + 1 > @ := {efq!)

@[grind .] lemma lem : - @ VY ~@ := {lem!)
@ grind! -] lemma mdp : @ » ¥ >+ @ >+ ¥ := A {(d1) {(d2) = {(mdp! ds d2)

@[induction_eliminator]

lemma rec
{motive : (9 : Formula a) » (+ @) » Sort}
(andElimL : V {@ ¥}, motive ((@ A V) - @) andElimL)
(andElimR : V {@ ¥}, motive ((@ A V) - V) andElimR)
(andIntro : V {o ¥}, motive (¢ » ¥ > (@ A V)) andIntro)
(orIntroL : V {o ¥}, motive (¢ » (@ Y ¥)) orIntroL)
(orIntroR : V {o ¥}, motive (V - (9 Y ¥)) orIntroR)
(orElim V {¢ ¥ x}, motive ((¢ Y ¥) - (¢ » x) » (¥ » x) » x) orElim)
(imps 2V {0 ¥ x}, motive ((@ » (¥ - x)) » (9 » ¥) » (¢ » x)) impS)
(impK 2V {p ¥}, motive (¢ - ¥ » @) impK)
(efq : V {0}, motive (1 - @) efq)
(lem : V {0}, motive (¢ v ~@) lem)
(mdp :V {o v}, (hev : -9 » V) > (hgp : - @) > motive (¢ - V) hey > motive ¢ ho

> motive ¥ (mdp hoVy hg))
: V {0}, (d : + @) > motive 9 d := by
rintro ¢ (d); induction d <;> grind;

@[grind <=]
lemma afortiori : @ >+ VY > @ := A h = mdp impK h

@[grind .]
lemma impId : + @ > @ := by

have hs : -0 - (¢ » @) » @ := impK;

have ha : - (¢ » (¢ > @) » @) » (9 > ¢ > 9) ~ ¢ » ¢ := impS;
have hs : - (9 » @ » @) » @ » @ :=mdp hz hs;
have ha : @ » @ » @ := impK;
exact mdp hz haj

end Provable

inductive Deduction : Theory a » Formula o - Typex

| of_context! {I ¢} : @ € I > Deduction I ¢

| of_proof! {Ir ¢} : ! ¢ » Deduction I ¢

| mdp! {I ¢ ¥} : Deduction I' (¢ - V) > Deduction I' ¢ » Deduction I ¥
infix:40 " ! " = Deduction

def Deducible (I : Theory a) (¢ : Formula a) := Nonempty (I ! @)
infix:40 " + " = Deducible

abbrev Undeducible (I : Theory a) (@ : Formula a) := =( + @)

infix:40 " ¥ " = Undeducible

namespace Deducible

@ grind «] lemma of_context (h : @ € ) : T + @ := (Deduction.of_context! h)
lemma of_proof (h : +! @) : T + @ := (Deduction.of_proof! h)

@ grind «] lemma of_provable (h : - @) : T + @ := of_proof h.some

@grind! =] lenma mdp : T @ » VY >T +@>TF VY :=2A (de) {(d2) = (Deduction.mdp! di
d2)
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@ grind .] lemma andElimL : T + (@ A V) - @ := by grind;
@grind .] lemma andElimR : T + (@ A V) - ¥ := by grind;
@grind .] lemma andIntro : T+ @ - ¥ > (@ A V) := by grind;
@grind .] lemma orIntroL : T + @ » (o Y ¥) := by grind;
@[grind .] lemma orIntroR : T+ ¥ - (¢ Y V) := by grind;
@ grind .] lemma orElim : T+ (@ V ¥) » (¢ » x) » (V - x) » x := by grind;
@[grind .] lemma impS : T + (¢ - (¥ » x)) - (¢ -~ ¥) » (¢ » x) := by grind;
@grind .] lemma impK : T + @ » ¥ » @ := by grind;
@[grind .] lemma efq : T - L » @ := by grind;
@[grind .] lemma lem : T + @ Y ~p := by grind;
@[grind »]
lemma ruleAndElimL : T F @ AV > T + @ := by
intro h;
apply mdp _ hj;
exact andElimL;
@[grind »]
lemma ruleAndELimR : T @ A Y > T + ¥ := by
intro h;

apply mdp _ hj;
exact andElimR;

@[grind »]
lemma ruleAndIntro : T HF@->T rFHVY>T @ AV := by
intro hg hy;
apply mdp _ hy;
apply mdp _ hg;
exact andIntro;

lemma ruleOrIntroL : T HF@->T @ Y ¥ := by
intro h;
apply mdp _ hj;
exact orIntrol;

lemma ruleOrIntroR : T FY>T @ VY ¥ := by

intro h;
apply mdp _ h;
exact orIntroR;

@[grind »]
lemma ruleOTELlim : T O Y VY3T Q> x>TFHVY->x>TFYX :=hy
intro hs hz hs;
apply mdp _ hs;
apply mdp _ h2;
apply mdp _ hi;
exact orElim;

@[grind <=] lemma afortiori : T @ ->T VY » @ := A h = mdp impK h

@ grind <=] lemma ruleImpS : T @ > (V> x)>T @ ->VY>TF@>x :=2Ahs ha = mdp
(mdp impS hi) h.

@[grind .] lemma impId : T - @ - @ := of_provable Provable.impId

@[induction_eliminator]
lemma rec
{motive : (I : Theory a) » (¢ : Formula a) » (I + @) > Sort}
(of_context : V {I 9} (h : ¢ € ), motive I ¢ (of_context h))
(of_provable : Vv {I 9} (h : + @), motive ' ¢ (of_provable h))
(mdp VvV {rov}, (hgv : T @ ->VY)> (he : T + @) > motive I (¢ » V) hoy »
motive I @ hg » motive I ¥ (mdp hov hg))
: vV {lr o}, (d:T7 + @) >motive ' ¢ d := by
rintro I ¢ (d);
induction d with
| of_context! h = apply of_context h;
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| of_proof! h = apply of_provable (h);
| mdp! di d2 ihs ih, =

apply mdp;

. exact ihq;

. exact iha;

lemma rec_provable

{motive : (I : Theory a) » (¢ : Formula a) » (I + @) - Sort}

(of_context : V {I' ¢} (h : ¢ € T), motive I @ (of_context h))

(mdp VvV {rov}, (hev : T @ > V) > (hg : T + @) > motive I (@ ~» V) hoy >
motive I ¢ hw > motive I Yy (mdp hov hw))

(andElimL Y {I ¢ v}, motive I ((@ A ¥) » @) andElimL)

(andElimR  : V {I ¢ ¢}, motive I' ((@ A V) - ¥) andELimR)

(andIntro : vV {l o V}, motive I' (@ - W > (¢ A ¥)) andIntro)

(orIntroL : V {I @ ¥}, motive I (9 » (¢ vV ¥)) orIntrolL)

(orIntroR : V {I ¢ ¥}, motive I (V - (¢ v V¥)) orIntroR)

(orElim VAl ¢ v x}, motive I ((¢ Y ¥) » (¢ » x) - (¥ » x) » x) orElim)

(imps 2V {l @V x}, motive I' ((¢ - (W » x)) » (0~ ¥) » (¢ - x)) impS)

(impK : V {l o ¥}, motive I' (¢ » ¥ - @) impK)

(efq : V {I' o}, motive I' (L - @) efq)

(lem : V {I' 9o}, motive ' (¢ Y ~@) lem)

:V {0}, (d : T+ @) > motive I ¢ d := by

rintro ¢ d;

induction d using Deducible.rec with

| of_provable h = induction h <;> grind;
| - = grind;

lemma weakening (hrA : T c A) (h : T + @)
induction h using Deducible.rec with
| of_context h =
apply of_context;
exact hlA h;
| of_provable h =
apply of_provable;
exact h;
| mdp di d2 ihs ih, =
apply mdp;
. apply ihs hra;
. apply ihz hra;

t Ao = by

@[grind <=]
lemma weakening_insert (h : T + y) : insert ¢ I + V := weakening (by grind) h
@[grind =]
theorem deduction_theorem :
constructor;
. intro h;
generalize eA : insert @ [ = A at h;
induction h using Deducible.rec with
| of_context h =
subst eA;
simp at h;
rcases h with (rfl | h);
. exact impld;
. apply afortiori
apply of_context hj;
| of_provable h =
apply of_provable;
exact Provable.afortiori h;
| mdp — _ ihs ih; =
subst eA;
replace ihs := ih4
replace ih; := ih»
apply ruleImpS ihs
. intro h;
apply mdp (weakening_insert h);
apply of_context;
simp;

(insert 9 M) FVY o + (0 » V) :=

(by grind);
(by grind);
ihz;
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lemma ruleImpTrans : T @ > Y >T VY > x>TF@->x := by
intro hi h2j;
replace hys : insert @ I + V¥ := deduction_theorem.mpr hi;
replace hy : insert ¢ T + ¥ -» x := weakening_insert h;
exact deduction_theorem.mp $ mdp h2 hi;

lemma ruleEFQNeg : T~ > T F @ » ¥ := A h = rulelmpTrans h efq
lemma TuleDNE (h : T + ~~0) : T + @ := by
apply rtuleOrElim lem;
. show '+ o - o3
exact impId;
. apply ruleEFQNeg h;

end Deducible

import Logic101.CPL.Formula
import Logic101.CPL.Hilbert

variable {a : Type u} {o Vv x : Formula a} {I A : Theory a}

abbrev Valuation (a) := a > Prop

@[grind]

def Forces (V : Valuation a) : Formula a » Prop
| #a =V a

| L = False

| oAV = Forces V @ A Forces V ¥

| oYy = Forces V ¢ v Forces V ¥

| © ¥ = Forces V ¢ » Forces V |

infix:50 " ~ " = Forces
variable {V : Valuation a}

@[grind .] lemma forces_top : V r T := by grind;
@ grind =] lemma forces_neg : V I ~¢ & =(V I @) := by grind;

@[grind .]

def Valid (¢ : Formula a) : Prop :=V V, VI @
prefix:50 "¢ " = Valid

alias Tautology := Valid

@[grind .]
def ConsequenceOn (V : Valuation a) (I : Theory a) (¢ : Formula a) : Prop

ViEVY)>Viko
notation I " k[" V "] " @ = ConsequenceOn V I @

@[grind .]
def Consequence (I : Theory a) (¢ : Formula a) : Prop :=V V, I E[V] @
infix:50 " £ " = Consequence

@lgrind =]
lemma iff_valid_forall_forces : F 9 © @ k @ := by simp [Valid, Consequence,
ConsequenceOn]
theorem sound : T @ > T E @ := by
rintro h;
induction h using Deducible.rec_provable with
| orElim =
intro V hVj;
grind [Forces];
| mdp - _ ihoy ihe =
intro V hv;
exact ihgy V hvV $ ihg V hV;
| - = grind;
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lemma sound_provable : - @ > E @ := by
intro h;
apply iff_valid_forall_forces.mpr;
exact sound (I := @) (Deducible.of_provable h);

theorem consistent : ¥ (L : Formula a) := by
by_contra hj;
apply sound_provable h (A _ = True);

open Deducible

namespace Theory

variable {I : Theory a}

abbrev Inconsistent (I : Theory a) : Prop :=T kL

abbrev Consistent (I : Theory a) : Prop := -(I.Inconsistent)

@[grind =] lemma iff_inconsistent_insert : (insert @ I').Inconsistent o [ + ~p :=
deduction_theorem

@ grind =] lemma iff_consistent_insert : (insert ¢ ).Consistent o [ ¥ ~p :=
deduction_theorem.not

@[grind =]
lemma either_consistent_insert_of_consistent (F_consis : I.Consistent) (9) : (insert ¢

I).Consistent v (insert (~g) I).Consistent := by
contrapose! _consis;
obtain (hi, h2) := I_consis;
apply rtuleOrElim lem;
. show T+ @ - L;
grind;
. grind

@lgrind =]
lemma either_unprovable_of_consistent (F_consis : I.Consistent) (@) : T ¥ @ VI ¥ ~p :=
by

contrapose! _consis;

obtain (hg, hng) := I_consis;

apply mdp hng ho;

@Lgrind »]
lemma unprovable_neg_of_provable_of_consistent (F_consis : [.Consistent) (h : I + @) :

¥ ~p := by grind;

@Lgrind »]
lemma unprovable_of_provable_neg_of_consistent (F_consis : [.Consistent) (h : I + ~@) :

Ir¢¥ @ := by grind;

@Lgrind -]

lemma not_mem_bot_of_consistent (F_consis : [.Consistent) : L ¢ [ := by
by_contra! h;
apply l_consis;
exact of_context h;

@[grind »]
lemma consistent_insert_neg_of_unprovable (h : I ¥ @) : (insert (~9) I).Consistent :=
by

contrapose! h;

apply ruleDNE;

apply iff_inconsistent_insert.mp h;

abbrev Maximal (I : Theory a) : Prop :=V @, g e v ~p €T
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end Theory

abbrev MaximalConsistentTheory (a) := { I : Theory a // I.Consistent A I.Maximal }

namespace Theory
open Encodable

open Classical in
def lindenbaum_expand (I : Theory a) (@ : Formula a) : Theory a := if Theory.Consistent

(insert @ ) then insert ¢ I else I

@grind =]
lemma consistent_lindenbaum_expand (F_consis : Theory.Consistent ) : Theory.Consistent

(lindenbaum_expand I @) := by
dsimp [lindenbaum_expand];
split <;> assumption;

variable [Encodable o]

=T
n+1=
match (decode n) with
| some 9 = lindenbaum_expand (lindenbaum_indexed I n) @
| none = lindenbaum_indexed I n

def lindenbaum_indexed (I : Theory a) : N » Theory a
| o
I

variable {I : Theory a} {n : N}

@[grind =]
lemma consistent_lindenbaum_indexed (F_consis : Theory.Consistent ') :

Theory.Consistent (lindenbaum_indexed I n) := by
induction n with
| zero = assumption;
| succ n ih =
dsimp [lindenbaum_indexed];
split;
. grind [consistent_lindenbaum_expand];
. assumption;

lemma monotonic_lindenbaum_indexed (h : n < m) : lindenbaum_indexed I' n ¢

lindenbaum_indexed ' m := by
induction h with
| refl = simp;
| step h ih =
trans;
. exact ihj;
. dsimp [lindenbaum_indexed, lindenbaum_expand];
split;
. split <35> grind;
. grind;

def lindenbaum_maximal (I : Theory a) : Theory a := U n, lindenbaum_indexed I n

lemma iff_mem_lindenbaum_maximal : @ € [.lindenbaum_maximal « I n, ¢ €

I.lindenbaum_indexed n := by
simp [lindenbaum_maximal, Set.mem_iUnion]

@[grind .]
lemma subset_lindenbaum_indexed_lindenbaum_maximal : lindenbaum_indexed I' n ¢
lindenbaum_maximal I := by

intro ¢ ho;

apply iff_mem_lindenbaum_maximal.mpr;

use n;
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lemma subset_lindenbaum_maximal : ' ¢ lindenbaum_maximal I :=

subset_lindenbaum_indexed_lindenbaum_maximal (n := 0)

lemma exists_deducible_maximal (h : [.lindenbaum_maximal + ¢) : 3 n, lindenbaum_indexed

F'nk @ := by
generalize eA : I.lindenbaum_maximal = A at h;
induction h using Deducible.rec with
| of_context h =
subst eA;
obtain (n, hn) := iff_mem_lindenbaum_maximal.mp h;
use n;
apply of_context hn;
| of_provable h =
use 0;
exact of_provable h;
| mdp di dz2 ihi ih, =
obtain {(n, ih1) := ihs eA;
obtain {(m, ihz) := ih2 eA;
use max n m;
apply mdp;
. exact weakening (monotonic_lindenbaum_indexed (by omega)) ihq;
. exact weakening (monotonic_lindenbaum_indexed (by omega)) ihz;

@[grind .]
lemma consistent_lindenbaum_maximal (F_consis : Theory.Consistent ') :
Theory.Consistent (I'.lindenbaum_maximal) := by

by_contra hC;

obtain {(_, hn) := exists_deducible_maximal hC;

apply consistent_lindenbaum_indexed F_consis hn;

lemma maximal_lindenbaum_maximal (F_consis : Theory.Consistent ) : Theory.Maximal

(I.lindenbaum_maximal) := by
intro o;
rcases I.lindenbaum_maximal.either_unprovable_of_consistent
(consistent_lindenbaum_maximal I'_consis) @ with (hC | hC);
. right;
apply iff_mem_lindenbaum_maximal.mpr;
use ((encode (~9)) + 1);
suffices (insert (~p) (I.lindenbaum_indexed (encode (~g)))).Consistent by
simp [lindenbaum_indexed, lindenbaum_expand, this];
apply iff_consistent_insert.mpr;
contrapose! hC;
apply weakening (by grind) (ruleDNE hC);
. left;
apply iff_mem_lindenbaum_maximal.mpr;
use ((encode @) + 1);
suffices (insert ¢ (I'.lindenbaum_indexed (encode ¢))).Consistent by
simp [lindenbaum_indexed, lindenbaum_expand, this]
apply iff_consistent_insert.mpr;
contrapose! hCj;
apply weakening (by grind) hCj;

lemma lindenbaum (I : Theory a) (F_consis : Theory.Consistent I') : 3 A :

MaximalConsistentTheory a, ' ¢ A.1 := by
use (I.lindenbaum_maximal, consistent_lindenbaum_maximal I_consis,

maximal_lindenbaum_maximal M_consis);
exact subset_lindenbaum_maximal;

end Theory

namespace MaximalConsistentTheory
variable {I : MaximalConsistentTheory a}

lemma consistent (I : MaximalConsistentTheory a) : I.1.Consistent :=.2.1
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@[grind .] lemma maximal : Theory.Maximal .1 :=T.2.2

@[grind =]
lemma iff_mem_provable : g e N1 o .1 + @ := by
constructor;
. apply of_context;
. intro h;
suffices ~p ¢ .1 by grind;
by_contra hC;
apply l.consistent;
apply mdp;
. show .1 + ~@;
apply of_context hC;
. exact h;

@[simp, grind .] lemma not_mem_bot : L ¢ .1 := by grind;
@[grind =] lemma iff_mem_neg : ~p € .1 o @ ¢ .1 := by constructor <;> grind;

@ grind =] lemma iff_not_mem_provable : ¢ ¢ T.1 & .1 + ~@ := by grind;

@lgrind =]
lemma iff_mem_imp : (@ - ¥) e N1 o (9 el.1 >y €l.1) := by
constructor;
. simp only [iff_mem_provable]
apply mdp;
. rintro hj;
rcases not_or_of_imp h with (hg | hy);
. replace hg := iff_mem_neg.mpr hg;
simp only [iff_mem_provable] at hg +;
exact ruleEFQNeg ho;
. simp only [iff_mem_provable] at hy +;
exact afortiori hy;

@lgrind =]
lemma iff_mem_and : (@ A ¥) €Tl e g el.1 Ay el.l:=hy
simp only [iff_mem_provable]
constructor;
. intro hj;
constructor;
. apply ruleAndElimL h;
. apply ruleAndELlimR hj;
. simp only [and_imp];
apply ruleAndIntro;

@lgrind =]
lemma iff_mem_or : (9 Y V) €eT. 1 e @ e .1 vyerl.l:=Dhy
constructor;
. intro h;
by_contra! hC;
obtain (hg, hy) := hC;
replace hg : T + ~p :
replace hy : T + ~y :
apply l.consistent;
apply ruleOrElim (iff_mem_provable.mp h) hg hy;
. simp only [iff_mem_provable];
rintro (hg | hy);
. apply ruleOrIntroL;
exact ho;
. apply ruleOrIntroR;
exact hy;

iff_not_mem_provable.mp hg;
iff_not_mem_provable.mp hy;

end MaximalConsistentTheory

theorem complete [Encodable a] : Tk @ > T + @ := by
contrapose!;
intro h;
suffices 3V, (WY e€l, Vi y) A=V o by simpa [Consequence, ConsequenceOn];
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obtain (A, hrA) := (insert (~¢) I).lindenbaum $ by grind
[Theory.consistent_insert_neg_of_unprovable];

let V : Valuation a := 2 a = (#a € A.1);
have hv : V {y}, Vi V¥ o ¥y € A.1 := by
intro y;
induction Y <3> grind
use V;
constructor;
. intro y hy;
apply hV.mpr;
apply hra;
grind;
. apply hV.not.mpr;
apply A.iff_mem_neg.mp;
apply hra;
grind;
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