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Lean 4 138155 L L T Calculus of Inductive (CIC) ## AL THH, FEE LI ' E&EIC{TbN
TUVCAHHEVLEEBALELIZAI EINTV A,
4

c Bh AR TSIV TEED (2 uRTLV 22T 4 2OERPBRS).
- SREABLHENS 4 75 Y Mathlib (1(X%k, #BIT%, BliG, etc.?).
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RITD = 2 — Z: Ramana Kumar!' % Collatz FED K% Lean v4.32.1 THIR{L L 72

-- 'n" (FCollatzDEEZMET > TCHLICHES KL,
def Diverges (n : Nat) : Prop := 0 <n AV k, iterate step k n # 1

-- EDELDE ‘n’ HBEFEETD.
theorem exists_nonterminating_orbit : 3 n, Diverges n :

bHLAA2ZDEI R EFOVELDHHEDLUILLL, T Lean DV 7 =T L L TOEED
NZIZHET L DTHo1z (BEL VERERIZ Moura (2026), v4.33.0 TIEIE).
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OELSBICEHATRREEILE-TH, ROZELEICHEMAUBIRSIZLERL S,
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AE 2: formalize L VW IHIEBOERZLUTTHECIT 5.

formalize (FoTh1b) BIBRIBFOREL L THENZHRYERIREICLBR-> TERT 5.
mechanize (1) EIEIBATIEBRICEI > THE» T v 701> TEET 5.
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KD Godel DATEMHFEIBORMN L ANN—D a V2 BRHE L1,

I (Godel DFE 1 R M EE(G1)): T » Cobham DRFOHEM R, #E A, A -EEHEA
BE' T, T,-B2% 6, THLALRIALHRLECVEET .

IR (Godel DE 2 AEEMEE(G2): TH I, L D@, A-ERVEET, BFEHELSL, T
DEFBMEEZRTIIEEAT 3L,

W DO DEBFRHE T X 5(18R).

theorem incomplete (T : ArithmeticTheory) [T.A1] [Re = T] [T.SoundOnHierarchy L 1] : Incomplete T

theorem consistent_unprovable [Consistent T] : T ¥ T.consistent.val

Source: 1 2

ITORBR RS 2 REXS A, -REX TORHES


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/First.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/Second.lean
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EA o RERIER) SBEEEERTHS. LIIEE E: »EHRZH, FRELZHII de Bruijn 4
yﬁZLioTﬁmﬁwfﬁﬁz&&¢6.

p, =T | L|R©) [ ~R(@) [ @AY |oV|Ve|Tp

inductive Semiformula (L : Language) (& : Typex) : N » Type _ where

| verum : Semiformula L & n

| falsum : Semiformula L & n

| rel : {arity : N} > L.Rel arity » (Fin arity » Semiterm L € n) » Semiformula L & n
| nrel : {arity : N} » L.Rel arity » (Fin arity » Semiterm L £ n) > Semiformula L &€ n
| and : Semiformula € n-> Semiformula L £ n » Semiformula L & n

| or : Semiformula € n > Semiformula L & n » Semiformula L & n

| all : Semiformula L & (n + 1) » Semiformula L & n

| exs : Semiformula L & (n + 1) > Semiformula L € n

- -

Source: 1

* Formula L £ % Semiformula L £ 0 DE&EE (RIELTEEL )
* Semisentence L n % Semiformula L Empty n DB&ED (ﬁEEEﬁ\L)

* Sentence L % Formula L Empty D& ED (QEEI Eﬁﬁgﬁ,\b)


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Syntax/Classical/Formula.lean
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SHIER Lean
98 + 6748 = 6846 “98 + 6748 = 6846”
Ve.Vy.a-(t+y)=a-z+a-y “a. ¥ xy,ax (x+y)=a%xx+a=xy”
‘v’a:.[:c<ﬁ<—>\/i<nx:€] ““ X, X <t eVi<n, x = ti”

ZZTa. BEREZH (ArithmeticSemisentence 1 DZEH), 3 A X OBEABnDEIETH 5.
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id verum ka1 L' o, ¢ T A —p A
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inductive LK.Derivation : LK.Sequent L > Type _

| identity (r : L.Rel k) (v) : LK.Derivation {.rel r v, .nrel r v}

| verum : LK.Derivation {t}

| weakening : LK.Derivation I » LK.Derivation (I + {¢})

| contraction : LK.Derivation (I + {o, ¢}) » LK.Derivation (I + {o})

| cut : LK.Derivation (I + {g)}) » LK.Derivation (A + {~g}}) » LK.Derivation (I + A)

| or : LK.Derivation (I + {@, V}) » LK.Derivation (I + {@ Vv V})

| and : LK.Derivation (I + {¢)}) » LK.Derivation (I + {V}}) » LK.Derivation (I + {o A V})
| all : LK.Derivation (I'* + {g.free}) > LK.Derivation (I' + (V! g})

| exs : LK.Derivation (I + {@/[t]}) » LK.Derivation (I + {3! ¢})

TCA
22 ZTIREHEEH Y &0,&1,... EREETH. R o TTRZNETNICEINLIEHERXA V2V AV PLIELOD

cut

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/LK/Basic.lean

§1B¢E %%lUTEQEEE

7y PELOIAR~NZERY 5 BFr%L
PRMILER 52

AEFHRSIEEDLHIZ

def hauptsatz {I' : LK.Sequent L} : +'%* " 5 {d : +'%¥* [ // LK.Derivation.IsCutFree d}

EEBLOEHET # L-XDESR Set (Sentence L) £ T 5.

oDTHOEHTEBI L2 T LEL,
TR TEBDEFA M T bBIaNBLE, TEp LEL.

By VREEEB»POH ) = ANETNEELI R EDRBEIToT, TEMEEEZRITS

theorem small_satisfiable_of_consistent : Consistent T - Satisfiable T

theorem Proof.complete_iff : TE @ ¢ T+ @ := {(fun h » Proof.complete h, Proof.sound)

LT, LK TRy FREFE

Source: 1

Source: 1

"SEEAR D IRNEC & 5 BRELGERERIC I THEETERZL DT, Avigad (2004), Avigad (2001) I2 & s EBREEZRERIE~DRTH & U’

FER L ERERIC L 5.
21212 L TNHIREMIC Lean THEAIGERZLDOPE DL L.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/LK/Hauptsatz.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/LK/Completeness/CounterModel.lean

LUBE, &8 Log (Lo:) DERERM &IPS

%% 3: Cobham DRBOBM R, 1& Loy PESABE, RODEERS b4 BHRTH b
(n,meN). nB3HIBE»KRT.

inductive RO : Arit
| equal
| Q2 (nm : N) :
| Q2 (nm : N) :
| Qs (n : N)

notation "Re¢" = RO

n+m=n—+m, nNn-m=mn-m

hmeticTheory

: Vo e EQ Lor, RO @

RO “tn + tm = *(n + m)”
RO “tn % tm = t(n % m)”

: RO “V x, x <t eVi<n, x =i

, V. [x<n<—> \/xz]
<n

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/R0/Basic.lean
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3.5 ]

| 3 4 PA- REEBIER LBOBKN L HE L d~ 2 BRED I, Xrb7% 5 EBRTH 5.

-
-

abbrev addZero = YV x, x + 0 =x"

abbrev addAssoc = “Vxyz, (x+y)+z=x+(y+2)”
abbrev addComm = ‘Vxy, x+y=y+x"”

abbrev addEqOfLt = ‘Vxy, x<y->3z<ty, x+2z=y"
abbrev zerolLe = “Y x, 0 £ x”

abbrev zerolLtOne = “0 < 1”

abbrev oneLeOfZeroLt := “¥Y x, 0 < x » 1 < X"

abbrev addLtAdd = Y xyz, xX<y->x+2z<y+2"
abbrev mulZero = ‘Y x, x 0 =0"

abbrev mulOne = Y x, x 1 =x"

abbrev mulAssoc = Vxyz, (x*xy)*z=xx(y*2z)
abbrev mulComm = ‘Vxy, x*xy=y % x"”

abbrev mulLtMul = ‘VXxyz, x<yaO<zo>xxz<yx?2z2"
abbrev distr = ‘Vxyz, x*(y+2z2)=x%xy+xx%2"
abbrev ltIrrefl = Y x, x £ x”

abbrev 1tTrans = ‘VXyz, XxX<yay<zo>x<2"
abbrev 1tTri =V Xy, X<yvx=yvxs>y”

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/PeanoMinus/Basic.lean
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3.1
3.5

EE D 1 BHERERN o(z) DIFIE 0(0) = Vo [p(z) = p(z+1)] = Vz. o(z) DEFEHE %
Ind(p) LEX.

* 132, := PA™ + {Ind(p) : ¢ BEEEZEERD ¥, -FwEL]}.

* PA:=PA™ + {Ind(p) : ¢ BEZDHEI}.

def succInd {g€} (¢ : Semiformula L & 1) : Formula L § :=
T 0> (Y x, o x>t (x + 1)) »V x, lo x”

def InductionScheme (I : Semiformula L N 1 » Prop) : Theory L :=
{v | 3@ : Semiformula L N1, T ¢ A ¥ = .univCl (succInd ¢) }

abbrev InductionOnPrenexHierarchy (I : Polarity) (s : N) : ArithmeticTheory :=
PA- U InductionScheme Lor (B[<, Lor].PrenexHierarchy I s)
prefix:max "IND " = InductionOnPrenexHierarchy

abbrev ISigma (s : N) : ArithmeticTheory := IND L s
notation "IX:" = ISigma 1

abbrev Peano : ArithmeticTheory := PA~ U InductionScheme Lor Set.univ
notation "PA" = Peano

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/Schemata.lean

16135‘.5 Ts%iﬁj%k{% Eﬁ:ﬁ% =T

IOV TOHRCIIIRERER.
RNL2FHREELLTDH S & 5 LHRERX A,-RER & FS.

LR LFEED D, REBAL D, R0, THH LEBREENMELERICEHATS £, 21
Boolean 55 TEH LTV 5 DL T5. FIAEUTS 3,-HEXTH 5.

dz,Vy < t,3z.0(x,y,2) AV < t.a(z)
—AB T, BWED 2Rt Y I, THIEET 5 & SR ESHEEZEERICHIET 5.
AVIAV...o(x1, gy ey T,y Y)

HIRIRETEES L UREREL EVPHPNE N6 DX EREICT 5BEBR L VH, Bt
TRIDEI ZHVCEROEROLEICL S,



THeThdbZt%P (FFIC Lean THMIL ST 51213) SERRICEIEARI 2B L L T IER 6 2w
D, TR AATRHEENTR 20,

TEMEEBF BT 52 L TUTDOETHEL 5.
Lean - "T'F " <= Lean F"VV,. VET = V E ¢©"

ERBLERCIBOTR, FRETH+TRCEH»RBMTHALL VET 2TV HRL
KRB LS 5. Mathlib 2 EXVRET 5 LB L EBECHT L TORL L@ERA X T 0
y53Ivy, BEEIRX 27 4 28R AEKRS. CRERLTTF o REBIIRE S,



BT OEBEDODETNVY FEET A.

variable {V : Typex} [ORingStructure V] [Vi[Lor] Ex T]

* ORingStructure ViV 3B 58 Loy PEBETH 5 Z & #FEFKT 5 typeclass.
* Vi[Lo:] ex !V DERER T #7127 Z L #E5ET 5 typeclass.

V ETHMEEZ1TO. BRRBEREBLACTERLERS.

lemma sqrt_exists_unique (a : V) ¢ 3! x, x * x saAra<(x+1) % (x +1)

noncomputable def sqrt (a : V) : V := Classical.choose! (sqrt_exists_unique a)
prefix:75 "y" = sqrt

lemma sqrt_mul_self (a : V) : y(a * a) = a



EXERERMOPTIHICHEIET 51 FEiiffk - Bootstrapping.

- BN o REHARKDICHLTV ADEYHT " #EYHTSH (Godel #).
- WIZV OEE ¢ HIE, RER, EHAD Godel ITHB LWVI 22D (Lean ED) ihiE
IsFormula(z) : Vi 2R E#EZ 5.

2 2 DihzE IsFormula(z) IZXT S 5 Log-sREETL IsFormula("p ) R E# Ay, X, I, DESH L FEE
TORTHmHEE> TEEL TV L.

V E IsFormula("¢ ') <= T F IsFormula("¢")

'Formalizing [Formalizing [Formalizing mathematics in formal system] in Arithmetic] in Lean



R, CRRIVEEBHHEY L.

FHE6(R,ODRFATEE): L,-BELTOR L, S¥kreER/LTAH. ZDLSE, Lox-RER
Repg(z) B3 o TUUTFRAEICT.

n e S < T Repg(n)

noncomputable def codeOfREPred (p : N » Prop) : ArithmeticSemisentence 1

theorem rePred_weak_representation {p : N » Prop} (hp : REPred p) {x : N} :
p X e T + (codeOfREPred p)/[x]

Source: 1

'$H A A Robinson Hfff ® PA TSV IIOH, Ry BRRBEEEAVPH VIS LISHMON TV 2BMIERDOPTRRITL 3N 5.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/R0/Representation.lean

%j_l%ﬂ‘%ﬁ_lﬁ%iﬁ \*@ Hfﬁ

RETEEL &L CEAMEZACT, Godel DE 1 FeFEE(G) % : TMLHEE .

EIE7(G1): T % Cobham ODRFFOEM R, 22 A, A-ERAET, I,-B2%6, TH»6
AEPA & SEE S HRZ XY FET 5.

SEER: D= {"p": o B 1 BHREBX»D TH-p((¢"))} 2B L, ZHUIre kDT ()
DEELTneD <= THOIR). ATORESENRIIT 5.

THOI0 )<= "0'eD<=TF-6("0"
WRIZTHEELCEFBEICIRT 5. o

theorem incomplete (T : ArithmeticTheory) [T.A1] [Re = T] [T.SoundOnHierarchy I 1] : Incomplete T

Source: 1

CZ Z T iIncomplete T3 o, TH o A T ¢ ~o DEEEL.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/First.lean

3.1 fEREERIES & S REe
311 SEH AT B O RIS AL
E DI REIE L ER 2 ML TERKR D LEAZLDT, MRILEZEAT 5.

E% 8 GEPARTREM): 1 BBOREE B »3 7, L T-FiEFARIEEE ThH S ¢, D1:Tho=>
ToFBoBEEDN o THEICTILLETSH. EBMEFHFLELTUTERBICTE S, HBLTH
Hriwvd

*D2: Ty FBo—>7)— (Bo—B7)

*D3:TyFBo— B(Bo)

structure Provability (Te : Theory Le) (T : Theory L) where
prov : Semisentence Lo 1
bew_def {o : Sentence L} : T+ 0 > To + prov/[T0"]

class HBL where
D2 {0 T : Sentence L} : To B (0~ T) > Bo~- BT
D3 {o : Sentence L} : To W B o~ B (B o)

Source: 1

'Hilbert-Bernays-L &b.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Basic.lean

EIEDFRAL

9 YAMLuIgEt): T i AbrEE &, 1 BHHHREE 0 # A1 L L X fixpoint, %R 3 B
BhoT, TNRATEHECT.

T + fixpoint, <> (" fixpoint, ')

class Diagonalization [L.ReferenceableBy L] (T : Theory L) where
fixedpoint : Semisentence L 1 » Sentence L
diag (8) : T ~ fixedpoint 6 « /[ fixedpoint 67]

theorem diagonal (8 : ArithmeticSemisentence 1) :
T + fixedpoint 6 - 8/["fixedpoint 67]

Source:1 2


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Basic.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/Bootstrapping/FixedPoint.lean

311 SR O EL

E#E 10:

 EFERERTT B L [FERIETELC] % Cony &7 5.
B() DFBE % Godel X Gy T 5.

def con (B : Provability Te T) : Sentence Lo := ~B 1L
def gddel (B : Provability Te T) : Sentence L := fixedpoint Te “x. =!B.prov x”

lemma godel_spec : Te + (gbdel B) < ~B (gddel B)

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Basic.lean

SRR

1##eE 11 (Abstract G1, G2, Loéb): T BEFEH»OXIAILEIEET, B I HBL #&\IcT LT 5.
Gl TFEGy. 36ICTHFBo=Tro®®mICTHO, TF-CGg.

G2 T ¥ Cong

Lob THBo -0 XbTro

F-Lob THFB(Bo—0) > Bo

class Kreisel [L.ReferenceableBy L] {Te T : Theory L} (B : Provability Te T) where
KR {0 : Sentence L} : THBo->TFroO

theorem unprovable_gdodel : T ¢ (gddel B)

theorem unrefutable_gddel [B.Kreisel] : T ¥ ~(gddel B)
theorem con_unprovable [Consistent T] : T ¥ B.con
theorem 16b_theorem (H : THrBo~>0) : T+ O

theorem formalized_16b_theorem : To B (B o~ 0) » B o

Source: 1

'ZORMR S - B L HBRCBXGRICRELICODERS Z LA HKS.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Basic.lean

it =M% 5 & HBL %imic SEERARIREME 2 RIRICBT 5 2 LT & 5.
- SR IOBERNLGERATTEMER O EEX.

12, MALAEES RFE®/ICT. WICRELT, F2FTLMEEER Lob OEE LML H
x5,

12 (Godel DE 2 ATEMTEER): THIZ, S i@, A-EHEAET, EFFELS, TO
B|FEMFRIX O, L ZEEBETS LW,

theorem consistent_unprovable [Consistent T] : T ¥ T.consistent.val

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/Second.lean

|Eﬁ¥nﬂjb®iﬁkamﬂr+a&&Tka

theorem Lob_theorem : T + provabilityPred To - 0> T+Fr O

Source: 1

T & LT Peano Effi PA 2Hl 5 Z L B3HES. I PARBEFRRELIZL, ZOEXFFHIZ PAH
B CIHERAT S 2w,

instance : PA § PA U PA.Con
instance : PA 3 PA U PA.Incon


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/Löb.lean

BELTIDIIZIEEEEZ LD

F#E14: Ros:TH—-o0c—=TF-Bo

class Rosser [L.ReferenceableBy Lo] {To : Theory Lo} {T : Theory L} (B : Provability To T) where
Ros {0 : Sentence L} : T+ ~0 > To - ~B O

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Basic.lean

1215 (Abstract GR): T BEFFE» O ALAIEET B » Ros BRmICTLH S, T F Gy »
2, MIRETHZ LR TF -Gy

local notation "R" = godel B

theorem unrefutable_rosser [B.Rosser] : T ¥ ~R
theorem rosser_independent [L.DecidableEq] [B.Rosser] : Independent T R

theorem rosser_first_incompleteness [L.DecidableEq] (B : Provability Te T) [B.Rosser] :
Incomplete T

Source: 1

Z it Godel-Rosser DFE 1 FREMTFEBOHRNLERE R ->TV 5 (C,-BREMEFEE)


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Basic.lean

P EAICHERT

[ witness comparison % EDEE %2> T Ros % im1c 3 EEFART 68
5T ENHEEL. @2

'I:lllll

EIE 16 (Godel-Rosser DE 1 FELMER): THIT, #8A, A-EHRART, EFEL
L, THOHIEAAS RAED HRL X HPEET 5.

theorem incomplete_GR (T : ArithmeticTheory) [T.A:1] [IE: = T] [Consistent T] : Incomplete T

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/RosserProvability.lean

T%I“EEEE

VA RN

FREMTEBIIBVCTEFEMELR T [ LRIV UL H 5.
- il . [EEOXEBEERAI NP ORIFICREESINS LWV Z L]

| EHE 17 (Jeroslow DE 2 FEZLMEE): T BEFFL S, T ¥ Ve~ (Opz AOp(5z))

theorem unprovable_formalized_law_of_noncontradiction [IEZ: =< T] [Entailment.Consistent T]
: T# ¥ ~(provable T A T.refutable)

Source: 1

SRIEIL o D Godel B " #RUE > T —p D Godel "¢ 2 RTE = #EZ 5HVEHD
5 H, ?ﬁ%ftf&i%h&iﬁﬁ].
- REEAJEEE W #&E 2 5. 232 Y, TH-0o=T+Wo kEZNIZRL.

structure Refutability [L.ReferenceableBy Le] (Te : Theory Le) (T : Theory L) where
refu : Semisentence Lo 1
refu_def {o : Sentence L} : T+ ~0 > To + refu/[T0"]

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/Jeroslow.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Refutability.lean

:

i@%néha$

FEHMIZ Saitou and Noguchi (2026) #5tA T 123 (WL DR DRR TEMNFIE).

+ Tarski DEHIEBERAFATEEEEE.

» Church O—EihiBFRIEDRE A Al EE

- [ Godel 85 n AT DEEEATEEEAT & 5 | AEEARATEEMRER I DV T,
- Ehrenfeucht-Mycielski DHEEIE.

* Craig®D bV v 7,

- Friedman-Goldfarb—Harrington &2 (FGH EI&) 2.

- F1AREMEEBVHILT 5B D Lindenbaum K& £ TREL.
c IX,:n > 1 IZBRAE T

- PA BBRAE(LFREE (Ryll-Nardzewski DEE).

"ZOBEDARENIR [ Godel A n RiGDEATIEIATIZ V] BNETIEELWVL, RBC n XRADATIHEATEI LY. BICn2BHA LK
SCBNEZNRIEL CHARENLEERAZRICLCREL bE X 5.

2I$, + Con(T) LTREED T,-XRBMA6 HD o 12X L Opo & [FE.



SRR

L1I,
I
L,
BTIIO Ilql LS, PR Conl(R) = Conl(PR4- ConFL)
b v B IQT BII, |1q2 PA + — Con(PA)
I S || || i
EQ--» Ry —» Q —> PA~ - [Open - -~ -» I, <’ 73 by~ >BY, I N »PA— »PA+Con(PA) — » TA
B+ 9 ----- » EA l

1%, +— Con(IX,)
12, + Con(I1%,)

LI strict IZHZEZ F THETR V...

B 7 BHEA
- 1X, T BEEDEC o, HRER IS L TORMWEREZEML &R,
* BY, I3 2, -SREXIC L TORERE.
« LY, B 3, -FREBEHICK L TORIMERIE.



. BERA AT BE %R




SERAATREME SR IED MR LA « € FX—3 3 U7
Tmé’l‘imfﬂ BUTHIDRY L 1RE| 2 R TRERARTREMEINEE | o 13 7 THREFAT & 5 | #Hk4HE
f\- & Il_p\

. aIEHH_IﬁE'I‘EE B &Y ERERIERICRD .

BEEEDTERE: Solovay DEMIN LM EE.

il (Solovay DEHTMELMETEE(S 7)): HBL & B OEFHIFEDERE GL TR
#Houbns.

theorem arithmetical_completeness_iff [T.SoundOnHierarchy E 1] :
GL - A o V f : Realization o Lor, TH T T A

theorem eq_provabilitylLogic [T.SoundOnHierarchy I 1] : GL = T.provabilityLogic (a := a)

Source: 1

1SERATETRE I SR IR DIEAERY 22 XXk & L T Artemov and Beklemishev (2005), Boolos (1994), Smorynski (1985), Verbrugge (2024).


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Arithmetic.lean

b EAEE
S E GL OES

mIETVE L, — 0 Z2REHLES L LTEAL, H L IIBREC.

MMIEDVDES ZERIE & 5.

inductive Formula (a : Typex) where
| atom : a » Formula «a
| falsum : Formula o
| imp : Formula a » Formula a » Formula a
| box : Formula a » Formula «
deriving DecidableEq

abbrev Logic (a : Typex) := Set (Formula a)

« & LT Nat ZENVSATEEREDOMRBELTE, Empty ZEIUX

#3{) #RE5.

e

Source:1 2

R CHREHER (B


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Formula.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Logic.lean

F5% 18: RIE GL 3 HHMERBICUTORELRFAUZELIZ L D.
« FREJ (Nec) .- A =+ OA

- R K:0O(A— B) -0A — OB

- RIE4:04->0ODA

- REL:OOA— A) >4

SERARTEEME B O HBL 35 & & F-Léb E LT TXRIGT 5.
+ FH] (Nec) 7° D1

- R K B D2

- RNIB4H3D3

- PRI L A F-Léb



: uEEHEI

.:2 3 Efnﬁﬂizg GL CZ)iIi§§%

inductive Logic.normalOf (A : Set (Formula a)) : Logic a

| axm {A} : A e A-> normalof A A
mdp {A B} : normalOf A (A - B) » normalOf A A » normalOf A B
nec {A} : normalOf A A > normalOf A (CA)
verum : normalOf A Axioms.Verum

implyS {A B C} : normalOf A (Axioms.ImplyS A B C)

dne {A} : normalOf A (Axioms.DNE A)

|

|

|

| implykK {A B} : normalOf A (Axioms.ImplyK A B)
|

|

|

| axiomK {A B} : normalof A (a(A - B) - oA - OB)

abbrev Logic.GL {a : Typex} : Logic a :=
normalOf ({oA - ooA | A} v {o(oA -~ A) - oA | A})

Source: 1 2


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Logic.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Basic.lean

=\
K 5

RALE3I7v—2DA#ZEZHZLRBBELCDT, ETNMIUREZEINREIDVREGRAY X
V9 5.

% 19 (Kripke €7 v): JEZEEW LZOLED 2IBER < W x W — 2, {HEREKV
W x Prop — 2 D% (W, <, V) % Kripke ® T v &5 . @HIEER(Forces) * A T TED 5.
*zlFp<= xVp.
zIFOA <= Vy,z <y — vyl A.

Lean TiX, Bk FOBELLTEERTS. !

luniverse FEHICTAZ LHAHRALZLEIEEMEBLRETZEN L D ICHEICL 5 H, EHRT S,



. SEBR A BEf

4.3 Krlpf<e {0

structure Model (k : Typex) [Nonempty k] (a : Typex) where

Rel' : k > Kk » Prop
Val' : ¥k » a » Prop

abbrev World (- : Model k a) :=

abbrev Rel {M : Model k a} : M.World » M.World - Prop := M.Rel'
scoped infix:60 " < " = Rel

abbrev Val {M : Model k

def Forces (M : Model k
| #a = M x a
| L = False
| A~ B = Forces M x
| DA = Vy, x <y

scoped notation:55 x:56

o} : M.World - o » Prop := M.Val'

a) (x : M.World) : Formula a » Prop

A > Forces M x B
> Forces My A

"w[" M "] " A:56 = Forces M x A

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/Basic.lean

=\
K 5

E % 20:

c GL-ET VER < DB THERN 2, <2, < ... <z, PERD nBER L PHEL
£T 5.
» BIZ GL-ETNMIIB Rz PO RAFAERER TS 2H 1 7 27 rank(z) BEZ 5.

+ BIRGL-E7 R W BERT < VBN TIERFN L ETVE T 5.

c BT NVHIRG S LB ry, BPHoTHEEDxz e M\ {r),} XL ry < 7.
» Bff 3T DES L& rank(r,,) £ T 5.

BN EREOICD, Lean TOEETRBERETNDALLTLTED TV 5.



4, SEFAFT MR EE

4.3 Kripke =Mk

Lean TRXDE I IZEET 5.

class IsGL (M : Model k a) extends IsTrans _ M.Rel, IsConverseWellFounded _ M.Rel

class IsFiniteGL (M : Model k a) extends IsTrans _ M.Rel, Std.Irrefl M.Rel where
[finite : Finite M.World]

noncomputable def World.rank (x : M.World) : N := cwfHeight (- < ) x
structure RootedModel (k : Typex) [Nonempty k] (a : Typex) extends Model k a where
root : toModel.World

root_rel : V x, x # root » root < x

noncomputable def RootedModel.height (M : RootedModel k a) [Fintype M.World] [M.IsGL] : N :=
Model.World.rank (M := M.toModel) M.root

[
N
[ON

Source:


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/Basic.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/RootedModel.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/Rank.lean

E*.
/§\ =V 'o

L AABHEGBE—ROBRTRETNE 2V —20KXRIEEBICEELOIZY, SEIZ—1%
mrLicvbU TR ECDOTERT S,

+ D FTHEMEARTHIHOEEL L TEIYVY) > TRET 5.
- EEHIARERTHEREL THEZRELZVY..
- BE L L TORRERE |



4. SEFA AT BE)

AAHSE GLOY— sy ot

Sambin and Valentini (1982) ® GL D> —2 =~ stE 2 i1t $5. Kripke BBk NS
HPREMDIRARIILLDIEI VR ENICRAYR ) T 51,

EFE21: =22 T = A LtE3RERNOBREESDOHETHS. GLOY—27 MR
Gor, BRDEA» S5, 212U (WL) & (WR) TR CIY, ACA' LT 5,

(Ax) (L) =4 wo =22 wR
A=A 1= I = A T — A/
I AA BT A AT B. A A.T.Or A
= 4 - T8 (LL) - = 5,8 (4R) b4 t,tb = (Oar)
Ao BT = A T=A—B.A O = 0A

'GL RIEENZIFERIEBDO S 7 = A e T VOB & 3R FEIEE. BRRAIE T2 EEESL », BYHICET AV 2REETE|-> CHRAT 5.
Hilbert {15 & i VCERD DS EHIEMIC L 5.



. 5 HH 'E‘AEE

4. uH:HiEGLo) ?i‘/ ]‘E

structure Sequent (a : Typex) where
ant : FormulaFinset «
suc : FormulaFinset o

infix:50 " s " = Sequent.mk

inductive Gentzen : Sequent a » Prop

| axm (A) : Gentzen ({A} = {A})
| botL : Gentzen ({L} = o)
| wkL {r ' A} : Gentzen (I = A) » (- : T
| wkR {F A A'} : Gentzen ([ = A) > (= : A
| impL {r A A B} :

Gentzen (I = insert A A) » Gentzen (insert B I = A) » Gentzen (insert (A - B) I' = A)
| impR {I A A B} : Gentzen (insert A I » insert B A) » Gentzen (I = insert (A - B) A)
| boxGL {I A} : Gentzen (insert (oA) (I U .box) = {A}) > Gentzen (I'.box = {DA})

I—I
AI

by grind) -» Gentzen (I'' = A)
by grind) > Gentzen (I = A'")

N 1N

notation:45 "6[GL] " S:50 = Gentzen S

Source:1 2


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Sequent.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Gentzen/Basic.lean

SEBART B Ef““ﬂﬂ

447|‘> HIEGLDY—2xV b5

I 22 (G DREMEIE): Go F T = A LERDERGL-EFT VM TMEAT - \/AT
bHbZLIXEE.

def Model.World.ForcesSequent (M : Model k a) (x : M.World) (S : Sequent a) : Prop :=
(v Ce S.ant, x - C) >3 D€ S.suc, xID
def Model.ValidateSequent (M : Model k a) (S : Sequent a) : Prop :=V x : M.World, x = S

lemma GL.Gentzen.iff_valid : r8[GL] S
Y {k : Type u} [Nonempty k] (M : Kripke.Model k o), [M.IsFiniteGL] - M k S

Source:1 2


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Gentzen/Kripke.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/Basic.lean

;5%#?%5 GIEGLODY—2r v MEtHE

TR, # vy MRUOFHAEYE (BEHEHHNY v MRE) B9 CEiES.

I 23 (Gop DH v FREFEE): » v MRANZ G, THBRINAS.

I=A,A AL =A
I, I = A A

2 (Cut)

theorem GL.Gentzen.cut (h: : FE[GL] I'1 = insert A A1) (hz2 : FS[GL] insert A T2 = Az) :
FG[GL] M Ul2 2 A1 U A2

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Gentzen/Kripke.lean

. FIEE

Ho _
44%5 HIEGLDY—27 . b §
H &L I3TEENL Hilbert 7 REXTINT A Z Ebh b, WICKRORENE Z 5.

FEIE24: ATHEME. AXHEI.

1. GL+ A

2. GopF= A

3. FEDERGL-EF VT A BHY.

4. FEDERE GL-ETVDOIETARKEREINS.
5. FEDBR GL-AETNVDIETARTEINS.

theorem Logic.GL.provability_TFAE : [
GL + A,
FS[GL] o > {A},
Y {k : Type u} [Nonempty k] (M : Model k a), [M.IsFiniteGL] » M k A,
Y {k : Type u} [Nonempty k] (M : RootedModel k a), [M.IsFiniteGL] » M.root ¥ A,
V {k : Type u} [Nonempty k] (M : RootedModel k a), [M.IsFiniteGL] » [M.IsTree] >
M.root I A
].TFAE

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Basic.lean

SHE GL Oy — 2 v M HEORS: BRI v b RE

A@&i%b@ﬁﬂluﬂfbét&bﬁ/Pﬁ?ﬁ&i%ﬂik REVICIT o 1%, BXEREYEH v FIRE L H
BETH 5.

=2V BERESTRLZS VA MRZIEESTHIBEDOWEIGEN L S v FIRERERS
IZIRHEDEl - TV Ic DRI TRETH o 72. (Goré and Ramanayake (2012) € 3 E/F
HEICX o TiR3NLA.) Brighton (2016) LUV AEEFRELTUVT, 25wl L
VW Z EiX Goréetal (2021) #° Rocq THREEL TV 5.



46 BISE GL Oy — 2 =3 F HEOS: EEEER

=2V P ERTERL TV A, fil21F weakening R contraction # ED & £ 3
FTITIDPRRENTRLZL, (Lean l2H 7)) HEMICHEBERIZBERL L.

%] 21X, Maggesi and Perini Brogi (2023) I3 7 ~n{f &> —2 =~ b 5tE{FEZR % HOL Light
TEEL, GL_provable DL 5 LHEAVL GL CEEBAT S A HIETH X 2T 4 2%2F&EL T

V5.
CIHEL, DX 2T 4 2 BBFEIET B 2 L1 HOL Light O TS Tk, e
BNEIET 5 L v S5 2 X DIREE Negri (2005) ICHKFEL TEEINTV 5. (03 hEEHH

BoTULROKZEIZIEEZOLVCECVCITEERRDH 5. )
s —0EA2 B IANNGE -2V MR OEREL TEIEME S BRE L1chs. .

'ZRZERETHo1E LTS Lean TRIREMICGERATSILVERS. VR M LOHELIT[OTEY, DI VI EBLREICLRDLE



M EaTE _ _ _
Hol8 GL O —2 =3 b SHEOS D BB

572 HbHEMEOLETRHEZRp ¢t LTp—-O¢TREL, 2 20OHEBRAEHABLLT
A > OBEEEARIEED ? LEBEINL I LR LA LD, TNH6DEX 2T 4 21322 32T
‘lCiLtc e h o 1e.

SERAMNICIE, Kripke EMkiRCT—EBiEL2 - T2 % F-> TR S - HEL W 2REIXBES,
TNTHHICHHIEEEBEMLT ST H5DTT+5.



AT RHREGLOY—2 2y FHEOSY: BETE L A SE

Sambin and Valentini (1982) TR H 2> — 2V VB 2B IGHLE LT, GLOD
Craig TR L AHEERZTRL TV 5. GLOEHAZFEY THIXHEHRE L TS IXFER
BIZETE T & 5 (Maehara D 53%)12.

EIE 25 (GL @D Craig #ifE%): GLF A - B2 61X, HEXC TGLFA - CH»DGLF
C—oBThHY, COMBEEBNITRTALBOHEAIZEHENS LDHEET 5.

theorem Logic.GL.CIP (h : GL + A - B) :
1C, GL-HA-CAGL+~C~-B A C.atoms ¢ A.atoms n B.atoms

Source: 1 2

ISLBREDBEZARI LB L, TREELLELIDTERIB L.
2Gignoux (2026) & Lean THIMMEEEL E#RL TV 5D, BERBHLFHNICI VREHRLyr —RADAIIL > TV S, ¥ —2 MtELL—/R
CEREEL LCIDRZENLE Y ICHIEIZEZR 5.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/CIP.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Gentzen/Maehara.lean

AT RHREGLOY—2 2y FHEOSY: BETE L A SE

EERRELT, GLOHHEEPOAHREEdHED .

EF: 26: BEM p IRIEN A T modalized THH L, AN pHBFTRTODR
A—TDRIZHBHILFVS

def ModalizedIn (p : a) : Formula a » Prop
| #a = a#p

| L = True
| A - B = A.ModalizedIn p A B.ModalizedIn p
| o = True

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Formula.lean

AT RHREGLOY—2 2y FHEOSY: BETE L A SE

EIE 27 (GL DA HEE Sambin and Valentini (1982)): p 7% A T modalized £ 61X, p
83T ADWEERDOADG L 55REN D T

GLFAlp:=D| < D

PREICTODOVEET L. SLICARIMRUSEEARGERERZ RV T—ETH 5 : GL+ Afp =
El < ER5EEDFHEN E 2V TGLF D« E.

theorem Logic.GL.fixpoint_theorem (hpg : p # q) (hA : A.ModalizedIn p) (hg : q ¢ A.atoms) :
3 D, D.atoms ¢ A.atoms.erase p A GL - A[p » D] « D A
VE, GL-A[p ~ E] “E>GL KD~ E

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Fixedpoint.lean

GL D O LEEEATATREIE B £/ U2 & 5.

EF 28: f PHRMEREBOGEZH D G BMOX~DEH L LEH (realization) E ISR, fIC
I BAAERIER A O BT £ (A) EUTFCED 5.
fss( ) = f(p)
fe(L) =
fu(A— B) fs(A) = f5(B)
f5(0A4) =B fga

1212 L SRR 2 SERETREMREE 0, U CHBRT ADT £, (4) DAE R 5.



.uEE I BET4EHT
4.8 SERERTEE M

structure Realization (a : Typex) (L : Language) where
val : a » Sentence L

def interpret (f : Realization a L) (B : Provability Te T) : Formula a » Sentence L
| #a = f.val a
| 1 = 1
| A~ B = A.interpret f B - B.interpret f B
| oA = B (A.interpret f B)

noncomputable abbrev standardInterpret (f : Realization a Lor)
(T : ArithmeticTheory) [T.A1] : Formula a » Sentence Lor :=
interpret f T.standardProvability

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Arithmetic/Interpret.lean

4 SESAEISEMERIE . _
48 STRF AT BE s

EE20: M T,U £T5. U LD T OFEFAATREMRE PLL(U) #

PL,(U) = { A QKIEHRER | FROER f L Uk £ (4)}
TEDAS.

def ArithmeticTheory.provabilitylLogicRelativeTo
(T U : ArithmeticTheory) [T.A:1]
{A]Vvf:

: Logic a :=
Realization o Lor, U f T A}

abbrev ArithmeticTheory.provabilityLogic (T
Logic a :

: ArithmeticTheory) [T.A:]
T.provabilityLogicRelativeTo T

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Arithmetic/Interpret.lean

4 SEREIEEMERIE
49%%%&%&&@

| 712 30 (Solovay D HfiTHVTE LM EE(Solovay (1976))): PLps(PA) = GL.

theorem arithmetical_completeness_iff [T.SoundOnHierarchy E 1] :
GL - A o V f : Realization o Lor, TH T T A

theorem eq_provabilitylLogic [T.SoundOnHierarchy I 1] : GL = T.provabilityLogic (a := a)

Source: 1

iERE: e < 3 HBL & F-Lob X OEHEICOY»S. Tetf= P#HLV. WEELE
D, REIGL-AKETFNE2EMORICIEDIAATHIZILVERZERT 5. =


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Arithmetic.lean

MEoTE _ e o
e ae it B S IE R

PL.(U)DT,U #&»3 L £ 5% 5513 Beklemishev (1990) I2 & > TREIZAHFHIN TV 5.

EFE31: UTOREBEXEDS. GL+ X 13 X £ D union ® MP/subst D@ (JEIEFRHL
x).

* GL,(X)=GL+{O0""'L —-0O"lL:ne X}.

* GLg(X) :=GL+-A (O L —0m) : IZL X BEHIR.

* A=GL+{-0O0"L:neN}

- D:=GL+-0O0L+0(dAVOB) - 0OAVOB.

- S:=GL +[0A — A.



o

Mo TE _ -
e ae it B S IE R

inductive Logic.sumQuasiNormal (Li L2 : Logic a) : Logic a

| mems {A} : A e Li > sumQuasiNormal L1 L2 A
| mem, {A} : A e L2 » sumQuasiNormal L1 L2 A
| mdp {A B}

sumQuasiNormal L: L2 (A - B) » sumQuasiNormal L: L2 A » sumQuasiNormal Li L2 B
| subst {A s} : sumQuasiNormal Li Lz A > sumQuasiNormal Li L2 (A[s])

infix:50 " +- " = Logic.sumQuasiNormal

abbrev Logic.S {a : Typex} : Logic o := GL + { oA~ A | A }
notation "S" = Logic.S

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Logic.lean

Be M ERIED 57 A E IR

EE32: HEINADPL—2
tr(A):=={neN:r, FA LLD B3 n OBREMSET NV M HEE]}

MIE L Db Lr—Rtr(L) =, tr(A).

AelL

def Formula.trace (A : Formula a) : Set N :=
{n | 3 (k : Type u) (- : Nonempty k) (M : RootedModel k a)
(- : Fintype M.World) (- : M.IsGL), M.height = n A M.root ¥ A}

def Logic.trace (L : Logic a) : Set N := U A € L, A.trace

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Trace.lean

sogm _ -
e ae it B S IE R

| EEIBTHOML LRDBRNDn Z2HEHT OFS hgt(T) v . BT w.

noncomputable def Provability.height (B : Provability Te T) : ENat := ENat.find (T +~ BA[-] 1)
lemma height_eq_top_iff : B.height = T e ¥ n, T ¢ BA[n] 1

noncomputable abbrev ArithmeticTheory.height (T : ArithmeticTheory) [T.A1] : Ne :=
T.standardProvability.height

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Height.lean

MEoTE _ e o
e ae it B S IE R

TEIE 34 (Beklemishev (1990)): T # 13, #8310 A-E&BELEfT, U 2ERDEL L,
L:=PL,(U), X :=tr(L) &£ T 5.

1. X BHERL 6 L = GL, (X).

2. X B@HBR»DO L ¢S%6 L=GLg(X).

3. X HBERY»DPLCS%H6 LI GL,(X),DNGLg(X),SNGLg(X) DV §ih,

theorem provabilitylLogic_classification :
letI L := T.provabilityLogicRelativeTo U (o := a);
L = GLa L.trace v
3 hL : L.trace®.Finite, L = GLB _ hL vL =D Nn GLE _ hL vL =S n GLB _ hL

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Classification/General.lean

Re M ERIED D EIE

FEIE 35 (Beklemishev (1990)): T # 1, #2830 A-E&xgELET L L, EOEMDIEAT
BEMESRIE L .= PL,(TA) IZDWT.

1. THE2%6 L=S.

2. BETRRVHT,-EL2% 6 L=D.

3. L, BT hgt(T) =we b6 L = A.

4. hgt(T) =n <w b L =GLg(N\ {n}).

DTN —ODADKILT 5.

theorem provabilitylLogic_TA_classification : [
NY[Loxr] E* T A T.provabilitylLogicRelativeTo TA (a := a) = S,
T.SoundOnHierarchy £ 1 A -Nl[Lor] % T A T.provabilitylLogicRelativeTo TA (a := a) = D,
-T.SoundOnHierarchy L 1 A T.height = 7 A T.provabilitylLogicRelativeTo TA (a := a) = A,
In: N, T.height = n A T.provabilityLogicRelativeTo TA (a := a) = GL@ {n}c (by simp)
].0A00

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Classification/Truth.lean

REM SRIEEN Y E

PL(IZ,,1%; + Conf, ) PL(IZ,,13; + Ringg, (,))
| I
PL(PA, PA) PL(PA, PA 4 Conp,) PL(PA, PA 4 Cong,) PL(PA, PA + Rfnp, (%)) PL(PA, TA)
| | | | |
GL » GL +—-OL > A » D >

PL(PA, PA + —~Conp,)

PL(PA + _‘COHPA, PA + _‘COHPA)

R, ZHZhohEcE 2@ EORE LA MERE D 5> (137).
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I RILEOREND 5 |

- BMTHIRBEE L OH|O ?

- BER DR (interpretation) DR

- BAEBERMFE L Z2NEHAVCICER

« § o LEFVETT

 PA 7 ¥ DJRII 63 A (Paris-Harrington DEIE % &)
- ERREFZRGREERIE - BT - HKAERE)

- 5

RERE. ..



EETHEN L 2 ORI EERE)

Heyting Efff HA (EEEHRH[RIE LD PA) DIEFARTEEMERIEIX 50 £ {6 VORIE!.
- REDER L L T Mojtahedi (2026) "R L REBILERR L ICH, BERMRBES:H
- TN L TEBICRIEL 12w,

B &K iEmE

- iGL : EFiERMEMRIE + K + (Nec) + 004 — A) - 0OA. HA IR L TEITRIICES
(Litak (2014), van der Giessen and lemhoff (2021)).

- iSL : iK + (JA — A) — A (Visser and Litak (2024)).

Rocq TORATHRZE (FRIEFRIERY 72 EE)
- iGL O % v bBRZE Goré and Shillito (2022), Shillito (2022)
- iSL ® % v b B&ZE Shillito et al. (2023), —#k{@EEEIE Férée et al. (2024).

1Artemov and Beklemishev (2005), Beklemishev and Visser (2006)
2y1 1% 2022 FH AR



EETHEN L 2 ORI EERE)

Heyting Bfit# 3 & 5T 552 ?
« HADGERB# £ 59 R > TEL ?
- EeMBHAT—BHETNMCEF-> T, DA CERESRBIIHERLRIZS.

RARZDEM : Lean DT HA DX X EIRIFASER 2> THEHXEHZEL ?

example : HA proves "V x, Vy, O < x +y + 1" := work_in
HA_intro;



RENESHOEIVERICZICR6NTV S,

- Lean3 T CH D3Itk (flyspeck 7w < = 7 +: Han and van Doorn (2020)).
» 12120 Boole fEE T WIZX 5 DT, AL VD EREEVECLVCIBRERDYD 5.

- Isabelle/ZF T, #§EICX 5 AC, -AC R CH OHIIHEPERILI TV 5 cf: Gunther
et al. (2020), Gunther et al. (2022), Paulson (2003), iR (2024).

RIELZNWUEDERBHZ Y v (BRICRZ3).



sBELEDO— R L B A 2R E L C, ERA RO R,
- HiH 1 AR . T v M L genericfilter G 726 M[G] #1E 5 122/ 7% (cf: Kunen
(2011)).
- At 2 : SEBAERAYIREE (cf: Avigad (2004)) : RO RFIER L FREEEZTT. ZFC DE
FEEIZT > 6 tED e, SO S BIRAY.
—RAEERIBEO M EIBOKML TIEIC GRS iciaFliE 2 FE-> TV 5.

ZDMORIRE : FIEFZ EICBET 5 Lean - o DEEFEZ £ D Lean - "ZFCH " ~NE IR - THio
TWw( ?1

'Lean QEIEFHNOGEZ 5 L CNERMCERTLEEAVMENDL LBRBEZRC. ZVMRIF5 9 FTEIETHUELH D ?



EZzlwzr?

« o LERRDMIIARRE.
- BEREHOLS : https://neugierde.github.io/cantors-attic/.
- BBHELEDORIERIE | sRFENEDRIBIIFRERIE S4.2 DILRERTH X 2B HE 5.



https://neugierde.github.io/cantors-attic/

1R, Formalized Formal Logic DS EIDOHHILIE Mathlib ~BHET 5 TUkE L A XL,

OSSBHF & L TORIE

* Mahtlib Dv € 2 —I3EBL, FXHEFOHEYL L E 27 =SS0 0,

+ Mathlib DBBKItL : 54 75V HB8GB HHDEI LD ?

mIEFREDME

- RIBRREDE S LERBCERNLLERT AL LEDERIIEKET 5.

» ZDEIIR DX RENRIA4A 7Y ELTIRET S (BEHN - Hf) HEHLC, b
CIEEREVEL.

SHEBBDHEITOLFFLO7Zv—2a 99— THEBEPRLL FEICKRBIZAD (F7720b - 2K
YE—FIZh v l)



Formal Conjectures! &9 Lean (2 & A RBREEDH X FhH5b. ZhD FFL lk%Z(E
5.

Bl 2 1B 1A FORESS 5
1. 1A, BERAE(LEEED ?
2. 1A, TEMPERTH 5 = & XSEHRTEED" ?

DL LMEEEH 2 7L THTIEEHEY ([Ah) PERVBEATI LS 72

https://github.com/google-deepmind/formal-conjectures
2ZNBRICLTEI LAY ECIRHERDHY & T4,



https://github.com/google-deepmind/formal-conjectures

SBROEE LRk

% Y7 b =THELLTORFOEML

AE (B18):

1. KL TU A HEFEMNERICRABERLFENECY»? GREFELLT)

2. V7MY 2TELELTODREIIAIHBEELLCL? (VI P 2THEELLT)
3. ERIbLLICZ2Da—FRSBEFELLAEREL TV SBH? (v F2—F L L T)

| EIEGIEASZIRREZMAET L] LLOIEHMTA o2 LTH, BNFREES LV IBRRY
7P =2THEO—ETHS.



.38 SEDORERE L X .
BERE VT 1Y TERE LTOBREOBTE 80,/92

(Anthoropic D FLT ODEEBOERILIE £ 3 GitHUb D v B a2 —HEBEVDO 0T W5 1)




OpenAl X Anthoropic % EWRH L7172 NS AEER R FLT OB BELH 5 L BEARIC
385,

ZHMEORE RHICIEL { EFRFENCHETS ?

+ 100k ITDEEAZ E SR> T—RICAEPVvE2—L AL ?

+ COEKRLa— FORTEEIAXERBBEDORED AN Z7ZBATVLRVELEEZS?
EZEOME 7T Fxy 2 LMERER - ZAwVZITIHDTR?

* 1EILAEDZCHEEL E, RIECTIOHITIH»?
BIRAEORE EROBFEHETER?

- HEICRBZNLVERSIADEENHE, 206 2EOEBRAELET DIXEER.

c WY FA 77V LEL TV B2 Ia=T 4 LLTHEBLVET. LIrL—YIZ0D

O EHATbh T HRER V.

17212 LI T Mathlib 12 AI/LLM I2& 3 PREZURI TRV, ZRTRES DT, mETIE Tau Ceti Project https: //github.com/
TauCetiProject/TauCeti &5 AIDFEARL L2 —2FUNMUTVLRRIZLAEINT V3.



https://github.com/TauCetiProject/TauCeti
https://github.com/TauCetiProject/TauCeti

BE L RE

FOSNY = PEIR L LT ORBEOML

EIEERA R % - S TUGERR %
- B 5 BASEIC X 55D X D iBBLREEORFEFE L L TTRZ LS,
c BEERLVSEPOIEEBIIEETLIY 7 Y = THEOREZIRT 2 5  GLEALTE



SBORE LR

VTHELLTOHZDOERMI

— ROV Z by 2 THEREICRIT IV LCEHBHVCEENS(IESTVALES.

deformalization AR, 239, BICHIEXEBLGHICBAERTELNLHRART L
SERANLEIERT A, HBWVIE, 232 ZORAMRAVEILNICER L £ 2#ED 6
THILET, FiItLHENEBROAHICESLA6E4EDDH 5.

visualization TERLHBRLTOED Y DORIRILRL, £ 2 I HBENEBEBEOTIHRILZEEHT
T2126, ZHRERIEREZXANTHRAEZ S THARBICLRIIOIZAT.

collaborating F L VI L Y EMERPEAEOBECHEPERINLIBAREBELZ LD L I I
2ATVAVIMLIEYD Tu 22 b EDBEREID?

architecture b o L3 - IERECHEREBYERT A & 5 L BHHHAT—FT72F 23 ED
9% DIEAIHNY?

bLAATHEMNLY 7 VY =27 ITENLRARIZo TRKVIZIRILDIZA D .

V72 b 2T7IFLCIZERPBERLCLIRBOY 7 VY 2 THBICRICLTENIZUTSE LD, DHACRBBEIZH EDERZ TR oD ?
SO HEHNEH Y T



Solovay DEMFZLMEE £ Tld LLM BHEBHIFHIEL TV b o7 (2025 F£25).

BENICHA LRDICORERATREREO S EEEL ML T 5CHicoT (2026 F7A).
R HEB LR Do TEFL TV, KSSIMELE.



5. 2 L LSRD

SHOBY L S
5.6 Rax: FFL (283 5 Al/LLM D7ER

Kripke € T VORAINLER (GTEVICOEHBEL2A) 289 Lean Ta—F2ES( X3
PIDELL (HAVCIRICICEERERT) S o TwIk.

Bl: 87V M OBEHLR a DRI k< wBDORZEMTS. ZDLE, FilLLCET AV M D
=S hgt(M) + k£ ZEREDEMZL 68 VR hgt(M) + k.

WML s 5 L% 5 LEEERILERICL S,



0 5 Al/LLM DOEH

Al/LLM & Mathlib D£TDa—F2EF L THEHN(FZ26{), BEPHO Lotk I LR
2T 4 7RFEDENHES TIN5,

BABICIX, REQ027 F)NCZd 5 ZNEB EANTHERIAZEL L THIRVERXHESLD
i LIRS,

« BRI F—FK—FLLTODAILLM.

c b HLAALBHNLRERBROREDHORS, ARVELDRBAVTHETEINSICLIZES.



https://github.com/FormalizedFormallogic/AlphaCentauri

- AEF5, Al F5TBEh:EtHA.
» ANEODOEHEFRR : SIFD L HRZMEMFOHETRT Y 2. PROVE2—,
» Al OB SEFR : AHDOF#HZ S LICRIFDa—FEDRE S Y PHINERADOHRE.

VE2—HETORZOBARDIFHE? S PAOMIIGEOERELLZELNT STV 5,
« https://github.com/FormalizedFormallogic/goodstein-independence
- Goodstein 5D {E1E¥, Hydra »—&, Paris-Harrignton OEE% £.



https://github.com/FormalizedFormalLogic/AlphaCentauri
https://github.com/FormalizedFormalLogic/goodstein-independence

CORRTREEAZER Lean T Godel DRTELMEIE L AFARREMHHRIEICEATHERY
eslfbLicé vy 2 EEHRRL I L.

EEATERBELCDOTEIALMS>TATS I3V,

s JFREIABEDOTv 7Y v P #2BERE L TEREBISEE TSI EVHEKS, AR
TEIROHLZNREBO LV EICLBVE T,

vV Z7OERIEE L TOIAREELALHIZIEY)TRVCOT, MNERBLIUTY 7Y 2
THLRERTHBAL T NBEABCIOERLYICE»Y 7.
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