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ffl: Rocq, Isabelle, Agda, HOL Light, Lean
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2020 FICH L { E I I EEAZERR.

Lean 4 138155 L L T Calculus of Inductive (CIC) ## AL THH, FEE LI ' E&EIC{TbN
TUVCAHHEVLEEBALELIZAI EINTV A,
4

c Bh AR TSIV TEED (2 uRTLV 22T 4 2OERPBRS).
- SREABLHENS 4 75 Y Mathlib (1(X%k, #BIT%, BliG, etc.?).
* %Fﬁﬂ'\]ﬁfﬂ 7“9 3 V?EEE IL;\IJ-.I

W AI/LLM F L T SR FRIEE LTHC O NS EE DD 58.

'Lean 3 T Carneiro (2019) #° ZFC + [w-HD B EREEM VP EET 2 | DBEFEUEZE TV EE->TRL TV 5. CORBREREICZDFERE
Lean4 IZ#F-o T B2 LIRHER W (HLWV) 2, &L 5% https://github.com/leanprover/con-leche & ¥ TEOHI TV 5L
ICBZ23. 3LbAASHLIBENERIFC TR THDOUN—IZALVIFICL o TR —YZDOFEIIBERL .

22 NNVOBZRBELEHH 6 L.
RV RDOPB I DL, arv L vDFEE?



https://github.com/leanprover/con-leche

0 EEIAEER

3 vy 7DD TITHE

Godel DARTLEEEDOHEILDKLITHMIE L LTHZIEUATHDH 5.

- Shankar (1986) \Z X 5 Boyer—Moore FIEFEEAZE (Ngthm).

- O'Connor (2005) I & 5 Rocq TD G1, G2 DR AL".

- Paulson (2014) IZ & 3 Isabelle TD G2 DR AE.
» BE—D G2 DERILIZH, BICHERE SR TEH.

- Maggesi and Perini Brogi (2023) iZ & 5 ##H3%E GL ® HOL Light TO# k.
» INNMF IO —2 v FEHEIZ & 5 Kripke REMHDOHL.

2 DFHREIZOCT
1. 27 vOEM TR 12,
2. EIEIZ GL OFME % BT BET U e AE RV 1E.

e DL 2 NE EF/EILITDODOTVRV |

IGIRPATRR TR EVCHBIERET, G2R VL 2»DREXRIEBLELT.
28R IS DO L. BIRERERSBVFZARCRIToTRVCEC 2FOME» L wl, ARME L TZORBOHMIEEPGHRL
SEESRIEBL Y AEEROAIIIToTLEI LD L.
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Lean I ZI3ECDOH 9

Ramana Kumar! & Collatz ¥2EDKEE# Leanv4.32.1 THR{L L 1.

-- 'n" [FCollatzDREEZATEIT > CTHLTHS ALY,
def Diverges (n : Nat) : Prop := 0 <n AV k, iterate step k n # 1

-- ZOLDOE ‘nt HEETD.
theorem exists_nonterminating_orbit : 3 n, Diverges n :

bLAA2ZDI IR EFOELHHEDLIPLL, ZHdLeanD VY 7 12T L L TORED
NZIZHAETHLIDTHo7c (BFL VAR Moura (2026), v4.33.0 TI&IE).

BEALED Lean 2 AERIIAOY —2a—FOHRIZZD L 5 LMWALIEL o TV 5 HEE
3H 5.

thttps://github.com/xrchz/Collatzl ean
2ZDBEPITONICHERIDRLED



https://github.com/xrchz/CollatzLean
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FRix: CIBEFFASTER c Lean BEFET X 5027

RICLTEHRIFIZIEL FRZEEHEKTS ?
openai/math ¥ K b ) OKRSHEEDOHE L (220 T DIEH2.

| @il 1: Con(ZF) — Con(ZF + PP + ACyo + —~AC)

def targetTheory : Theory := ZF U {PP, ACwo, AC.neg}

theorem main_consistency : Consistent SetlLanguage.ZF » Consistent SetlLanguage.targetTheory := by
intro _

exact ConcreteSystem.consistent_target

Z Z T Consistent SetLanguage.zZF (ZF DEFEM) BIREL TV AME-TRVIIICRZ
5. MEXNEFBEMHIZIEL { EIEHET L2 CA[gEHELSD 5.

Thttps://github.com/openai/math/blob/fd4aeeb2ee4fc729¢c18d98444fed42fd0529eeeb/lean/OAI/SetTheory/PartitionCons
istency/Main.lean#1181-1185

22 DISHHREHEIADOY 4 — P @ _ni_nn_i_(2026) 5.



https://github.com/openai/math/blob/fd4aeeb2ee4fc729c18d98444fed42fd0529eeeb/lean/OAI/SetTheory/PartitionConsistency/Main.lean#L181-L185
https://github.com/openai/math/blob/fd4aeeb2ee4fc729c18d98444fed42fd0529eeeb/lean/OAI/SetTheory/PartitionConsistency/Main.lean#L181-L185
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22.4E éﬁﬁgg:ﬁiﬁ&ﬁﬁﬁﬂﬂi?ﬁ% - Lean B3{EFET X 500 ?

OELSBICEHATRREEILE-TH, ROZELEICHEMAUBIRSIZLERL S,

AE 2 (FEHATIERICLBELIDORE): EIRIIALTERD/D/T. ..

1. kL TU A HEFENERICRABERLFENECL»? GREFELLT)

2. V7 I 2TELELTODREICAIHPEELLCL? (VI MY 2THEHEELLT)
3. ERILLIcZ2Da—FRSBEFELAEREL T SEH? (v F2—F L L T)

120 3 EREOEZEIX @AIwe_Logic (2026) DY 4 — F 2L EFEfEL1C.
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UTHEH A DERDRAIZOWT.

AE 3: formalize L WIHOEBOERZUTTEV2IT 5.

formalize (F230{t) BIBSRIBZOREL L THENEZG YR IBEICLE-TERBT 5.
mechanize (##1t) EIRIATERII I > THEYX T v 520105 > TERET 3.

& B3R o1 2 L DIRIAERA | HF DA TUE DML !



RD Godel DAFTEEREDORMNLAN—T a Y 2EMELIC.

I (Godel DFE 1 L2 MEE(G1)): T b Cobham DEFOEM R, 2 5A, A-EEA
BE2 T, X,-B246, THOHEAb REED HRLOCXHEFET 5.

EiE (Godel DE 2 ATEMFE(G2): TH 1Y, L V58, A-EHRTEET, BFFLL, T
DEF FEIE LR T XIIEEAT S L.

theorem incomplete (T : ArithmeticTheory) [T.A:1] [Re = T] [T.SoundOnHierarchy £ 1] : Incomplete T

theorem consistent_unprovable [Consistent T] : T ¢ T.consistent.val

Source: 1 2

T EEMR A -ERAERERES CEFBEERC re. L EOERHEAFTDHLNS.
2TORED Godel HEiEd T 5 A -FHER 6(z) BDH->T, NEJ(o)<=oeT.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/First.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/Second.lean

ML & PR EEIR

EA o RERIER) SBEEEERTHS. LIIEE E: »EHRZH, FRELZHII de Bruijn 4
yﬁZLioTﬁmﬁwfﬁﬁz&&¢6.

p, =T | L|R©) [ ~R(@) [ @AY |oV|Ve|Tp

inductive Semiformula (L : Language) (& : Typex) : N » Type _ where

| verum : Semiformula L & n

| falsum : Semiformula L & n

| rel : {arity : N} > L.Rel arity » (Fin arity » Semiterm L € n) » Semiformula L & n
| nrel : {arity : N} » L.Rel arity » (Fin arity » Semiterm L £ n) > Semiformula L &€ n
| and : Semiformula € n-> Semiformula L £ n » Semiformula L & n

| or : Semiformula € n > Semiformula L & n » Semiformula L & n

| all : Semiformula L & (n + 1) » Semiformula L & n

| exs : Semiformula L & (n + 1) » Semiformula L & n

- -

Source: 1

* Formula L £ % Semiformula L £ 0 DE&EE (RIELTEEL )
* Semisentence L n % Semiformula L Empty n DB&ED (QEEE%I\L)

* Sentence L % Formula L Empty D& ED (QEEI Eﬁ"fégﬁ,\b)


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Syntax/Classical/Formula.lean

BMDOERE Log XEDT, Lean D=2 vl X s EXREX*HAETS. FZEZARRL TR
AN S .

SHIER Lean
98 + 6748 = 6846 “98 + 6748 = 6846”
Ve.Vy.a-(t+y)=a-z+a-y “a. ¥ xy,ax (x+y)=a%xx+a=xy”
‘v’x.[m<ﬁ<—>\/i<nx:€] ““ X, X <t eVi<n, x = ti”

ZZTa. BEREZH (ArithmeticSemisentence 1 DZEH), 3 A X OBEABnDEIETH 5.
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WABE, BFE Log (Lox) DXDESR set (Sentence L) BRIl & IS,

E# 4: Cobham DRIFFOEM R, I3 Loy DEBRIEL, RORERKX» L HEHETH 5
(n,meN). nB3HIBE»KRT.

n+m=n+m, n-m=n-m, VL. [x<n<—> \/:cz]
<n

inductive RO : ArithmeticTheory
| equal : Y o € EQ Loxr, RO @
| Q2 (nm : N) : RO “tn + tm = (n + m)”
| Q2 (nm : N) : RO “tn % tm = t(n % m)”
| Qs (n : N) : RO “V x, x<theVi<n, x =1i”

notation "Re¢" = RO

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/R0/Basic.lean

I

! B%%ﬁiﬁifrai URELMER

3,
3.4

| 5 5: PA- RERIERLBORKN L ME b~ 2 ERED I, X5 5% 2 ERTH 5.

-
-

abbrev addZero = YV x, x + 0 =x"

abbrev addAssoc = “Vxyz, (x+y)+z=x+(y+2)”
abbrev addComm = ‘Vxy, x+y=y+x"”

abbrev addEqOfLt = ‘Vxy, x<y->3z<ty, x+2z=y"
abbrev zerolLe = “Y x, 0 £ x”

abbrev zerolLtOne = “0 < 1”

abbrev oneLeOfZeroLt := “¥Y x, 0 < x » 1 < X"

abbrev addLtAdd = Y xyz, xX<y->x+2z<y+2"
abbrev mulZero = ‘Y x, x 0 =0"

abbrev mulOne = Y x, x 1 =x"

abbrev mulAssoc = Vxyz, (x*xy)*z=xx(y*2z)
abbrev mulComm = ‘Vxy, x*xy=y % x"”

abbrev mulLtMul = ‘VXxyz, x<yaO<zo>xxz<yx?2z2"
abbrev distr = ‘Vxyz, x*(y+2z2)=x%xy+xx%2"
abbrev ltIrrefl = Y x, x £ x”

abbrev 1tTrans = ‘VXyz, XxX<yay<zo>x<2"
abbrev 1tTri =V Xy, X<yvx=yvxs>y”

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/PeanoMinus/Basic.lean
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1 ERERES L CR RS MR
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3
3.4

EFE 6 1 THERERN o(z) DIFINE 0(0) = Vo [p(z) = p(z+1)] = Vz. o(z) DEFEHE %
Ind(p) LEX.

* 132, := PA™ + {Ind(p) : ¢ BEEEZEERD ¥, -FwEL]}.

* PA:=PA™ + {Ind(p) : ¢ BEZDHEI}.

def succInd {g€} (¢ : Semiformula L & 1) : Formula L § :=
T 0> (Y x, o x>t (x + 1)) »V x, lo x”

def InductionScheme (I : Semiformula L N 1 » Prop) : Theory L :=
{v | 3@ : Semiformula L N1, T ¢ A ¥ = .univCl (succInd ¢) }

abbrev InductionOnPrenexHierarchy (I : Polarity) (s : N) : ArithmeticTheory :=
PA- U InductionScheme Lor (B[<, Lor].PrenexHierarchy I s)
prefix:max "IND " = InductionOnPrenexHierarchy

abbrev ISigma (s : N) : ArithmeticTheory := IND L s
notation "IX:" = ISigma 1

abbrev Peano : ArithmeticTheory := PA~ U InductionScheme Lor Set.univ
notation "PA" = Peano

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/Schemata.lean

3. 1 Fa_ﬁﬂﬁi 6 L VR M EE

3.5 FEHH{F %

B 1 EREERIED Tait RO —27 v FHEBRR LK #ZHETA. >—27xx Y M3ZBEESR
ELTERT 5.

id verum I 1 F7§07 4 ‘,O,A _'QO,A
R(3), ~R(3), A T, A N ro n el
(107 w’ A or 907 A wJ A and 90+(&0)7 A+ a'L'LQ (t)7 A ex
eV, A p N1, A Vo, A Jp, A

inductive LK.Derivation : LK.Sequent L > Type _

| identity (r : L.Rel k) (v) : LK.Derivation {.rel r v, .nrel r v}

| verum : LK.Derivation {t}

| weakening : LK.Derivation I » LK.Derivation (I + {¢})

| contraction : LK.Derivation (I + {o, ¢}) » LK.Derivation (I + {o})

| cut : LK.Derivation (I + {g)}) » LK.Derivation (A + {~g}}) » LK.Derivation (I + A)

| or : LK.Derivation (I + {@, V}) » LK.Derivation (I + {@ Vv V})

| and : LK.Derivation (I + {¢)}) » LK.Derivation (I + {V}}) » LK.Derivation (I + {o A V})
| all : LK.Derivation (I'* + {g.free}) > LK.Derivation (I' + (V! g})

| exs : LK.Derivation (I + {@/[t]}) » LK.Derivation (I + {3! ¢})

Source: 1

TCA
22 ZTIREHEEH Y &0,&1,... EREETH. R o TTRZNETNICEINLIEHERXA V2V AV PLIELOD


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/LK/Basic.lean

1 P& g_‘I"E'A ffb s SR EEE

By PELOIEARA~AZHT BN LHAEFREIXEDHIZ LT, LK TR v FMREFIE

PREmLERS2.

def hauptsatz {I : LK.Sequent L} : +'%* [ 5 {d : +'¥* [ // LK.Derivation.IsCutFree d}

c 0BT HOEHTEIALAZLETp LEL.
T #RBIETEEDETNM T dBcdnd s TEp LEL.

By VREEEPOH ) = AhNETNEELLEDERHREIToT, TEEEELTS

theorem small_satisfiable_of_consistent : Consistent T - Satisfiable T

theorem Proof.complete_iff : TE @ ¢ T+ ¢ := {(fun h » Proof.complete h, Proof.sound)

Source: 1

Source: 1

EEBARID R INEC & 5 BRELGERRERMCICTEETEE L DT, Avigad (2004), Avigad (2001) I2 & 2 EBEHZMRERBE~DETH & U@

ﬁiljlfmfxnﬁ:nﬂﬂ‘ cl: Z)
212120 TUHIREMIC Lean THEABRLO»REDIL L.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/LK/Hauptsatz.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/LK/Completeness/CounterModel.lean

THeThdI L% (FFIZ Lean THMILT 51213) EERICEIARZERL LT ZR 620
B, TNRBANTRRENTRZY. T2EEELHEMLE T LORMBNLAY v P ELT,
UTDRTPEZS.

LeanF"T'F ¢" <= LeanF"VV . VET = V E ("

BlZWET W+ LEMRTHALO VET 2FTVHABUCREBM &SIk 5.
Mathlib 7t EPBET AR L IBE T L TORL L@ERSA X v S5 I 7, HEEIAE
2274 20FBHFESL. TNFRLTT 2HEICTE 5.



BT OEBEDODETNVY FEET A.

variable {V : Typex} [ORingStructure V] [Vi[Lor] Ex T]

* ORingStructure ViV 3B 58 Loy PEBETH 5 Z & #FEFKT 5 typeclass.
* Vi[Lo:] ex !V DERER T #7127 Z L #E5ET 5 typeclass.

V ETHMEEZ1TO. BRRBEREBLACTERLERS.

lemma sqrt_exists_unique (a : V) ¢ 3! x, x * x saAra<(x+1) % (x +1)

noncomputable def sqrt (a : V) : V := Classical.choose! (sqrt_exists_unique a)
prefix:75 "y" = sqrt

lemma sqrt_mul_self (a : V) : y(a * a) = a



EXERERMOPTIHICHEIET 51 FEiiffk - Bootstrapping.

- BN o REHARKDICHLTV ADEYHT " #EYHTSH (Godel #).
- WIZV OEE ¢ HIE, RER, EHAD Godel ITHB LWVI 22D (Lean ED) ihiE
IsFormula(z) : Vi 2R E#EZ 5.

2 2 DihzE IsFormula(z) IZXT S 5 Log-sREETL IsFormula("p ) R E# Ay, X, I, DESH L FEE
TORTHmHEE> TEEL TV L.

V E IsFormula("¢ ') <= T F IsFormula("¢")

'Formalizing [Formalizing [Formalizing mathematics in formal system] in Arithmetic] in Lean



R, CRRIVEEBHHEY L.

FE7(R,DKRIFEE): - BEULTOR &, SkrefEQLT5. ZDLE, Ly-RER
Repg(z) B3 o TUUTFRAEICT.

n e S < T Repg(n)

noncomputable def codeOfREPred (p : N » Prop) : ArithmeticSemisentence 1

theorem rePred_weak_representation {p : N » Prop} (hp : REPred p) {x : N} :
p X e T + (codeOfREPred p)/[x]

Source: 1

'$H A A Robinson Biff RPATHIHVILOH, Ry BREEBESHYVIUDLSAMON T 5BMER DR TRRITL INS.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Arithmetic/R0/Representation.lean

RETEEL &L CEAMEZACT, Godel DE 1 FeFEE(G) % : TMLHEE .

EIE 8(G1): T # Cobham DRFEOEM R, #EA, A-ERAET, Z,-B2L6, TH5H
AEPA & SEE S HRZ XY FET 5.

SEER: D= {"p": o B 1 BHREBX»D TH-p((¢"))} 2B L, ZHUIre kDT ()
DEELTneD <= THOIR). ATORESENRIIT 5.

THOI0 )<= "0'eD<=TF-6("0"
WRIZTHEELCEFBEICIRT 5. o

theorem incomplete (T : ArithmeticTheory) [T.A1] [Re = T] [T.SoundOnHierarchy I 1] : Incomplete T

Source: 1

CZ Z T iIncomplete T3 o, TH o A T ¢ ~o DEEEL.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/First.lean

b - L Hiffib 21858 5 £ Hilbert-Bernays-Léb OB H AT aE 4 &4 %27 3 SERARTsE MM EE O,
PRECERTHIILENTES. 212, WABELITRINS., BICRLELT, F2FxeH
EEZEMLHES.

T 9 (Godel DE 2 ATEMTER): THIZ, i@, A-EHATET, EFXFLS, TO
H|FEMPRTN O, L BEEEAT S0,

T & LT Peano Bifi PA#EX5 Z L K S. I PARERRELZICIL, ZOEFEMIE PAE
BTHRATELVI L b R{EHFES.
theorem consistent_unprovable [Consistent T] : T ¥ T.consistent.val

instance : PA 3 PA U PA.Con

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/Second.lean

PahEEamIE 3

3T AR MEEDS 20 b AL R

FEEMIZ Saitou and Noguchi (2026) #5A T 123 (WL DD XD TENNTE).

- Léb DEIE

- Godel-Rosser DE 1 FEL 4 FEE

* CraigdD btV v 7,

- Jeroslow DE 2 AL EE

* Tarski DEHIEE & AIsEEEE.

* Church O—P&iFEFRIE DR E R AT EE

- [Godel #H3 n LUFTOIEEATEEEAT & 5 | SEEARTEEMEARERIC DV T 1.
- Ehrenfeucht-Mycielski DilEEE.

- Friedman-Goldfarb—Harrington &2 (FGH EIE) 2.

- F1 AL EEVMILT 55D Lindenbaum &I £ THE.
- I¥,:n > 1 IZBERAELTEE

- PARERLE{LFE (Ryll-Nardzewski DFEIE).

'ZOBEDARER [Godel A n RKBOFBHATIRFRATE LV ] WNETELWVL, R o RFEOMATIHATIZC. BIZn 2&H LK
SCPRNEZNRELCHRENLEALFICLCREL BEZ 5.
2I$, + Con(T) LTREED T,-XRBMA6 HD o 12X L Opo & [FE.



bk

L1I,
I
L,
| PA + Con(PA) + — Con(PA + Con(PA
B|1|IO im, LS, on(PA) + = Con(PA + Con(PA))
b v B IQT BII, |142 PA + — Con(PA)
I S || || i
EQ--» Ry —» Q —» PA~ -~ [0pen -----» 15 < 73 by~ >BY, I N »PA— »PA+Con(PA) — » TA
B+ 9 ----- » EA l

1%, +— Con(IX,)
12, + Con(I1%,)

LI strict IZHZEZ F THETR V...

B 7 BHEA
- 1X, T BEEDEC o, HRER IS L TORMWEREZEML &R,
* BY, I3 2, -SREXIC L TORERE.
« LY, B 3, -FREBEHICK L TORIMERIE.



. BERA AT BE %R




SERAATREME SR IED MR LA « € FX—3 3 U7
Tmé’l‘imfﬂ BUTHIDRY L 1RE| 2 R TRERARTREMEINEE | o 13 7 THREFAT & 5 | #Hk4HE
f\- & Il_p\

. aIEHH_IﬁE'I‘EE B &Y ERERIERICRD .

BEEEDTERE: Solovay DEMIN LM EE.

fn il (Solovay DEHTMTELMEEIE(S 7)): HBL & B OEFHIIFIERE GL TRLIEFEoO
Uohs.

theorem arithmetical_completeness_iff [T.SoundOnHierarchy E 1] :
GL - A o V f : Realization o Lor, TH T T A

theorem eq_provabilitylLogic [T.SoundOnHierarchy I 1] : GL = T.provabilityLogic (a := a)

Source: 1

1SERATETRE I SR IR DIEAERY 22 XXk & L T Artemov and Beklemishev (2005), Boolos (1994), Smorynski (1985), Verbrugge (2024).


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Arithmetic.lean

b EAEE
S E GL OES

mIETVE L, — 0 Z2REHLES L LTEAL, H L IIBREC.

MMIEDVDES ZERIE & 5.

inductive Formula (a : Typex) where
| atom : a » Formula «a
| falsum : Formula o
| imp : Formula a » Formula a » Formula a
| box : Formula a » Formula «
deriving DecidableEq

abbrev Logic (a : Typex) := Set (Formula a)

« & LT Nat ZENVSATEEREDOMRBELTE, Empty ZEIUX

#3{) #RE5.

e

Source:1 2

R CHREHER (B


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Formula.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Logic.lean

EEE =

45 ieE oL 0ES

EFE10: RE GL 3L HEMEREBICUTOREBLRAIZELIC L OD.
« FREJ (Nec) .- A =+ 0OA

- R K:0O(A— B) - 0A — OB

- R¥E4:04 -5 004

- REL:OOA— A) >4

inductive Logic.normalOf (A : Set (Formula a)) : Logic a

| axm {A} : A e A-> normalof A A

| mdp {A B} : normalOf A (A - B) » normalOf A A » normalOf A B
| nec {A} : normalOf A A > normalOf A (CA)

| verum : normalOf A Axioms.Verum

| ...

| dne {A} : normalOf A (Axioms.DNE A)

| axiomK {A B} : normalof A (o(A - B) - oA - OB)

abbrev Logic.GL {a : Typex} : Logic a :=
normalOf ({oA -~ ooA | A} U {o(oA - A) -~ oA | A})

Source: 1 2


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Logic.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Basic.lean

YA
Gl

£ 11 (Kripke 7 v): IEZEEW L 2O LD 2EEFR < W x W — 2, {HEREKV .
W x Prop — 2 D#H (W, <, V) % Kripke €7 v kw5, @FIERz - AZLUTTED .

*zlFp<= xVp.
zIFOA <= Vy,z <y — vyl A.

Lean T, B« FOBELLTEERT S

structure Model (k : Typex) [Nonempty k] (a : Typex) where
Rel' : kK » Kk » Prop
Val' : kK » a » Prop

def Forces (M : Model k a) (x : M.World) : Formula a » Prop
| #a = M x a

| oA = Vy, x <y > Forces My A

Source: 1

luniverse FEHICTAZ LHAHRALZLEIEEMEBLRETZEN L D ICHEICL 5 H, EHRT S,


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/Basic.lean

* GL-ET7 WV ER < PHEBHTHEERN 2, <2y, < ... <z, PWERD n BER L PHEZ
L35,
» I GL-ET VIR R e PORAFIEERTE 25 1 7 ¥ 7 rank(z) BEZ 5.

* BREGL-=7 0@ W BERT < PEBHNTIERFN L ETNVET 5.

c BT NVHIRG S LB ry, BPHoTHEED 2z e M\ {r),} XL ryy < 7.
» BFSET DRI Ldrank(ry,) £ T 5.

class IsGL (M : Model k a) extends IsTrans _ M.Rel, IsConverseWellFounded _ M.Rel

class IsFiniteGL (M : Model k a) extends IsTrans _ M.Rel, Std.Irrefl M.Rel where
[finite : Finite M.World]

noncomputable def World.rank (x : M.World) : N := cwfHeight (. < -) x

[
N
[ON

Source:

BN EREOICD, Lean TOEETRBERETNDALLTLTED TV 5.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/Basic.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/RootedModel.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Kripke/Rank.lean

E*.
/§\ =V 'o

EHEZI 7V —2DAPEZALBZLBBELCDT, ETNMZTRZEZIEIBPERENRA Y ¥
135, 3bAABERE—ROFHRTRETNLE 7L —2DXFRIEEBCEELRDIZH...

+ DI THEMEANTHICHDDOEEL LTEINY)> TEHRET 5.
- EEHIARERTHEREL THEZRELZVY..
- BE L L TORRERE |



4. SEEA AT EE)

A THSE GLDOY—s 2y ot

Sambin and Valentini (1982) ® GL D> —2 =~ stE 2 i1t $5. Kripke BBk NS
HPREMDIRARIILLDIEI VR ENICRAYR ) T 51,

EFE13: =272V I = A LBHEROBRESDHTHS. GLOY—2 v MetE
Gor, BRDEA» S5, 212U (WL) & (WR) TR CIY, ACA' LT 5,

(Ax) (L) =4 wo =22 wR
A=A 1= I = A T — A/
I AA BT A AT B. A A.T.Or A
= 4 - T8 (LL) - = 5,8 (4R) b4 t,tb = (Oar)
Ao BT = A T=A—B.A O = 0A

'GL RIEENZIFERIEBDO S 7 = A e T VOB & 3R FEIEE. BRRAIE T2 EEESL », BYHICET AV 2REETE|-> CHRAT 5.
Hilbert {15 & i VCERD DS EHIEMIC L 5.



. 5 HH 'E‘AEE

4. uH:HiEGLo) 91‘/ ]‘E

structure Sequent (a : Typex) where
ant : FormulaFinset «
suc : FormulaFinset o

infix:50 " s " = Sequent.mk

inductive Gentzen : Sequent a » Prop

| axm (A) : Gentzen ({A} = {A})
| botL : Gentzen ({L} = o)
| wkL {r ' A} : Gentzen (I = A) » (- : T
| wkR {F A A'} : Gentzen ([ = A) > (= : A
| impL {r A A B} :

Gentzen (I = insert A A) » Gentzen (insert B I = A) » Gentzen (insert (A - B) I' = A)
| impR {I A A B} : Gentzen (insert A I » insert B A) » Gentzen (I = insert (A - B) A)
| boxGL {I A} : Gentzen (insert (oA) (I U .box) = {A}) > Gentzen (I'.box = {DA})

I—I
AI

by grind) -» Gentzen (I'' = A)
by grind) > Gentzen (I = A'")

N 1N

notation:45 "6[GL] " S:50 = Gentzen S

Source:1 2


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Sequent.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Gentzen/Basic.lean

;E BH R

A THSE GLDOY—s 2y ot

FEIE14(Goy DREMEE): Go, F T = A LERDBERGL-ETVM TMEAT - VAT
bHbHZ EIXENE.

EMEELSL, »y FRUOHFEYE (BENGHY » FRE) B9 CICRED.

ﬁ?‘_iE15 (QGL DA v b le%ﬁﬂa_ii) Vo ]‘*E'E\U&i QGL ‘t‘:gq:?ég 5.

I=A,A AL =A
I, I = A, A

2 (Cut)

theorem GL.Gentzen.cut (h: : F®[GL] F1 = insert A A1) (h2 : F®[GL] insert A T2 3 Az) :
FG[GL] N U2 2 A1 U A2

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Gentzen/Kripke.lean

. GERA R

441‘%5 RIEGLDY—2 v b§
H &L I3TEENL Hilbert 7 REXTINT A Z Ebh b, WICKRORENE Z 5.

EiE16: UITFREME. A IX5HET.

1. GL+ A

2. GopF= A

3. FEDHBR GL-EF T A BRHEY.

4. FEDBER GL-ETVDIET ARBRTREINS.
5. FEDER GL-AKETVDIERTARTREINS.

theorem Logic.GL.provability_TFAE : [
GL + A,
FS[GL] o > {A},
Y {k : Type u} [Nonempty k] (M : Model k a), [M.IsFiniteGL] » M k A,
Y {k : Type u} [Nonempty k] (M : RootedModel k a), [M.IsFiniteGL] » M.root ¥ A,
V {k : Type u} [Nonempty k] (M : RootedModel k a), [M.IsFiniteGL] » [M.IsTree] >
M.root I A
].TFAE

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Basic.lean

;EEH B
4.5 %

BHBREGLOL— 72y M HEOSS: BETE L FHAE

Sambin and Valentini (1982) TR H 2> — 2V VB 2B IGHLE LT, GLOD
Craig TR L AHEERZTRL TV 5. GLOEHAZFEY THIXHEHRE L TS IXFER
BIZETE T & 5 (Maehara D 53%)12.

FEIZ17 (GL D Craig flifElM): GL-F A - B2 6, #EXNCTGL-FA - C»DGLF
C—oBThHY, COMBEEBNITRTALBOHEAIZEHENS LDHEET 5.

theorem Logic.GL.CIP (h : GL + A - B) :
1C, GL-HA-CAGL+~C~-B A C.atoms ¢ A.atoms n B.atoms

Source: 1 2

ISLBREDBEZARI LB L, TREELLELIDTERIB L.
2Gignoux (2026) & Lean THIMMEEEL E#RL TV 5D, BERBHLFHNICI VREHRLyr —RADAIIL > TV S, ¥ —2 MtELL—/R
CEREEL LCIDRZENLE Y ICHIEIZEZR 5.


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/CIP.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Gentzen/Maehara.lean

VN

B GL Oy — 22y FHEOSH: BREEE L FHSTE  40/68

EERRELT, GLOHHEEPOAHREEdHED .

E 18: il p »EmETN A T modalized Th b EIX, AN pHBPTRXTODR
A—TDORIZHBEILELT.

def ModalizedIn (p : a) : Formula a » Prop
| #a = a#p

| L = True
| A - B = A.ModalizedIn p A B.ModalizedIn p
| o = True

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Formula.lean

;EEH BE
4.5 %

BHBREGLOL— 72y M HEOSS: BETE L FHAE

EIE19 (GL DFRFH=EE Sambin and Valentini (1982)): p 4% A T modalized 7 61X, p
83T ADWEERDOADG L 55REN D T

GLFAlp:=D| < D

PREICTODOVEET L. SLICARIMRUSEEARGERERZ RV T—ETH 5 : GL+ Afp =
El < ER5EEDFHEN E 2V TGLF D« E.

theorem Logic.GL.fixpoint_theorem (hpg : p # q) (hA : A.ModalizedIn p) (hg : q ¢ A.atoms) :
3 D, D.atoms ¢ A.atoms.erase p A GL - A[p » D] « D A
VE, GL-A[p ~ E] “E>GL KD~ E

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Fixedpoint.lean

GL OO LEERAATREME Oy 268020 & 5

EFE20: f PHRHEBREODEZEH» G BIMTOX~DEH/ L LEH (realization) E LR, fIC
& HHRAEREEN A D O,-FEIR [y (A) ZIATTED 5.
fmT( ) = f(P)
0 (L) =
0 (A = B) fa,(A) = fg (B)
fDT(DA> Orfg,(A)

1R Z ZIIEFPATTRE M B M HIRIE L 1B Provability K GAT O FEZ 2DITH—YEA L TR VDO TERT 5.



4.6 SLARATREM 2R 1S

structure Realization (a : Typex) (L : Language) where
val : a » Sentence L

def interpret (f : Realization a L) (B : Provability Te T) : Formula a » Sentence L
| #a = f.val a
| 1 = 1
| A~ B = A.interpret f B - B.interpret f B
| oA = B (A.interpret f B)

noncomputable abbrev standardInterpret (f : Realization a Lor)
(T : ArithmeticTheory) [T.A1] : Formula a » Sentence Lor :=
interpret f T.standardProvability

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Arithmetic/Interpret.lean

EE2BMT,U LT3, ULEDT OIEFAFEEMRE PL(U) ¥
PL,(U) = { A QKIEHRER | FROER f L Uk £ (4)}

TED 5.

def ArithmeticTheory.provabilitylLogicRelativeTo
(T U : ArithmeticTheory) [T.A:] : Logic a :=
{ A| Vf: Realization o Lor, U+ f T A }

abbrev ArithmeticTheory.provabilityLogic (T : ArithmeticTheory) [T.A:1] :
Logic a :=
T.provabilityLogicRelativeTo T

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Arithmetic/Interpret.lean

4. SEFEIREIESRIE, -
4.7% :?ﬁ%ﬁé’ﬁmﬂ

| 7EiE 22 (Solovay D HfiTHIFE LM EHE(Solovay (1976))): PLps(PA) = GL.

theorem arithmetical_completeness_iff [T.SoundOnHierarchy L 1] :
GL - A o V f : Realization o Lor, TH T T A

theorem eg_provabilitylLogic [T.SoundOnHierarchy £ 1] : GL = T.provabilitylLogic (a := a)
Source: 1
SR Ry v F: B =B GLOIHEYVCTORMZEL VEEIIOLY2S., B2l =
DEELY., MEELD, ROIGL-KETFTNVERMOPITEDIAATHICS L VCRIBZIBN
5. -


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/GL/Arithmetic.lean

4. SFBACTRE 4 551 _ -
48 SRRSO S TR

PL(U)DT,U #8153 & £ 57 5513 Beklemishev (1990) IZ & > TREICHEIN TV 5.
(cf: Ft et al. (2016, % 8 E))

EFE23: LTOREBYEDS. GL+ X & X LD union ® MP/subst D& (GEERL
X).

* GL,(X)=GL+{O0""'L —-0O"lL:ne X}.

* GLg(X) :=GL + ﬂ/\nﬂ(mmu —0Onl) s RICL X BEEIE.

* A:=GL+{-0O0"L:n €N}

- D:=GL+-0L+0(0OAVvVOB) - 0OAVOB.

- S:=GL+0A4 — A.



. FIEBA

ab =
B

TfERE e
R e s S EEE

inductive Logic.sumQuasiNormal (Li L2 : Logic a) : Logic a

| mems {A} : A e Li > sumQuasiNormal L1 L2 A
| mem, {A} : A e L2 » sumQuasiNormal L1 L2 A
| mdp {A B}

sumQuasiNormal L: L2 (A - B) » sumQuasiNormal L: L2 A » sumQuasiNormal Li L2 B
| subst {A s} : sumQuasiNormal Li Lz A > sumQuasiNormal Li L2 (A[s])

infix:50 " +- " = Logic.sumQuasiNormal

abbrev Logic.S {a : Typex} : Logic o := GL + { oA~ A | A }
notation "S" = Logic.S

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Logic.lean

R,

4. SFFAREE 4 ERE _ g piey
4.8 SRR RED S EEE

EE24: HEXADIL—2
tr(A):={neN:r, FA LD FHI n DEREMFSET NV M HEFEE}

MIE LD L—Rtr(L) =, , tr(A).

AelL

EED:THORL LB ARNMDn Z2EFHT OFS het(T) &V ). BUHNKR w.

def Formula.trace (A : Formula a) : Set N :=
{fn | 3 (k : Type u) (— : Nonempty k) (M : RootedModel k a)
(- : Fintype M.World) (- : M.IsGL), M.height = n A M.root ¥ A}

def Logic.trace (L : Logic a) : Set N := U A € L, A.trace
noncomputable def Provability.height (B : Provability Toe T) : ENat := ENat.find (T + BA[.] 1)

noncomputable abbrev ArithmeticTheory.height (T : ArithmeticTheory) [T.A1] : Ne :=
T.standardProvability.height

Source: 1 2


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Trace.lean
https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/FirstOrder/Incompleteness/ProvabilityAbstraction/Height.lean

4. SEBAR] BE ““I _
48 SRRSO S TR

FEIE 26 (Beklemishev (1990)): T # I3, #3830 A -EEWEEL RN, U ZEEDOEML L,
L:=PL,(U), X :=tr(L) &£ T 5.

1. X BHERL 6 L = GL, (X).

2. X B@HBR»DO L ¢S%6 L=GLg(X).

3. X HBERY»DPLCS%H6 LI GL,(X),DNGLg(X),SNGLg(X) DV §ih,

theorem provabilitylLogic_classification :
letI L := T.provabilityLogicRelativeTo U (o := a);
L = GLa L.trace v
3 hL : L.trace®.Finite, L = GLB _ hL vL =D Nn GLE _ hL vL =S n GLB _ hL

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Classification/General.lean

S RTRE M R IE O S B

FEIE 27 (Beklemishev (1990)): T # 1, 280 A-E&xgELET L L, EOEMDIEAT
BEMESRIE L .= PL,(TA) IZDWT.

1. THE2%6 L=S.

2. BETRRVHT,-EL2% 6 L=D.

3. L, BT hgt(T) =we b6 L = A.

4. hgt(T) =n <w b L =GLg(N\ {n}).

DTN —ODADKILT 5.

theorem provabilitylLogic_TA_classification : [
NY[Loxr] E* T A T.provabilitylLogicRelativeTo TA (a := a) = S,
T.SoundOnHierarchy £ 1 A -N[Lor] % T A T.provabilitylLogicRelativeTo TA (a :

-T.SoundOnHierarchy L 1 A T.height = 7 A T.provabilitylLogicRelativeTo TA (a :
dn:

].0A00

0()=D,

a) = A,
N, T.height = n A T.provabilitylLogicRelativeTo TA (a := a) = GLB {n}¢ (by simp)

Source: 1


https://github.com/FormalizedFormalLogic/Foundation/blob/f3972f4204fc61e1b736ed843415894c83f35508/Foundation/ProvabilityLogic/Classification/Truth.lean

PL(IZ,, %, + Cong ) PL(IZ,,13; + Ringg, (,))

PL(PA, PA) PL(PA, PA + Conp,) PL(PA, PA + Cong,) PL(PA, PA + Rinp,(3;)) PL(PA, TA)

PL(PA, PA + —~Conp,)

PL(PA + _'COHPA, PA - _'COHPA)

FERICIEE, ZNZNOPREICI 22 BOHE LA RES D 5 (137).
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FIZZICIUBROREND 5 |

- BINRRBEZ L5/ ?

- BRI (interpretation) DE#E

- BREBERMBFE L 2N EHAVCICER

- 3o LEHCETL

- PA k7% £ I fRE (Paris-Harrington DR £)
- BT HRGRFERIE - Bl - KA85/IE)

- Z[EEAT - SEE

- E5

LERE. ..



EFTHEN L 2 ORI EERE)

Heyting Efff HA (EEEHRH[RIE LD PA) DIEFARTEEMERIEIX 50 £ {6 VORIE!.
- RITDHERE L L T Mojtahedi (2026) »EE2LREBILERR L ICH, BMEMESH2.
- TN L TEBICRIEL 12w,

B &K iEmE

- iGL : EFiERMEMRIE + K + (Nec) + 004 — A) - 0OA. HA IR L TEITRIICES
(Litak (2014), van der Giessen and lemhoff (2021)).

- iSL : iK + (JA — A) — A (Visser and Litak (2024)).

Rocq TORATHRZE (FRIEFRIERY 72 EE)
- iGL O % v bBRZE Goré and Shillito (2022), Shillito (2022)
- iSL ® % v b B&ZE Shillito et al. (2023), —#k{@EEEIE Férée et al. (2024).

1Artemov and Beklemishev (2005), Beklemishev and Visser (2006)
2v1 13 2022 FEH AR



EFTHEN L 2 ORI EERE)

Heyting Bfit# 3 & 5T 552 ?
« HADGERB# £ 59 R > TEL ?
- EeMBHAT—BHETNMCEF-> T, DA CERESRBIIHERLRIZS.

RARZDEM : Lean DT HA DX X EIRIFASER 2> THEHXEHZEL ?

example : HA proves "V x, Vy, O < x +y + 1" := work_in
HA_intro;



RENESHOTEIERICZICR6NTV S,

- Lean3 T CH OMirt4 (flyspeck 7 v 2 = 7 I : Han and van Doorn (2020)).
» 12120 Boole fE€ T MIZ & 5 DT, BEIAL VBAYZIOL VLV HERYERHS

LTV 5,
- Isabelle/ZF T, #@#lZIZ L 5 AC, -AC X CH ORI LT 5 cf: Gunther

et al. (2020), Gunther et al. (2022), Paulson (2003), f}1E (2024).
RIELZNUEDERBEH IO v (BRICEZ5).



RRFED—IRE L AR B L C, ERERFOMIM L E2RLICV.
- H# 1 AR ' T v M L genericfilter G 726 M[G] #1E 5122/ 72 57 (cf: Kunen
(2011)).
- F#t 2 : SEFAGRAVGEFE (cf: Avigad (2004)) : BRI OEHIRR L REEELTRT. ZFCOE
%EI‘EEI‘L 56 MITESREY, SERHOZE# S FIRMY.
—E R EESRIEDO TS M EE Ot TIZELICEIRE I NI EFlE 2> TV 5.

EZztewzt?

- FlEFZL EICBT 5 Lean - o DEFRF E D Lean - "ZFCH " ~NEIR S TH - T 21
« o LESHDMIIAnRE.

- BEAEHRODLLES : https://neugierde.github.io/cantors-attic/.
 SBHEIEDIRERIE | sBHIEDRIEXFRMERIE S4.2 DILRFRTH & 2K 5.

'Lean QEIEFHNOGEZ 5 L CNERMCERTLEEAVMENDL LBRBEZRC. ZVMRIF5 9 FTEIETHUELH D ?


https://neugierde.github.io/cantors-attic/

R

9 = PRES L LT OMEOMME

| EIEGIEASZIRREZAE TS ] LLIHMTA» o LTH, BRREES LVIFRRY
7P =2THEO—ETHS.

OpenAl, Navier-Stokes AIENICE T 5RO a I v +F OF).

1 (Anthoropic ® FLT DEEOHERIEIE 2 37 GitHub D 7L B 2 —HB LD 0T Wb 5 12)



SHORL L RY

V= THFEL L TOHRFOREM

OpenAl R Anthoropic 7% £ A EH L 72 NS FEINR FLT ORI BEES H 5 L EARIC
25,

ZHMORME AYICIELS FRPERICHFKTS ?
- 100k ITDEEHZ E 5 R o> T—RICAEPvE2—L AL ?
« CORKEa—FORTEBIAZIERBEDOREDAN I FBATOLRVEREEZ S ?
HAUFEEOME BEEROBHRHETER?
* T PRy ZLHERER ZmPZ T IHDTI?
- BERIICIX Z N DI SADEBEEVBRE, Zh 6 »EREERHEE LET DI HEEL.
cBYICFA4 TV LELTYIVHEEIEaIa=T4 L LTdELVET. L2rL—Y1Z20
k9 LfTbhiTvaREIIR V.

17212 LI T Mathlib 12 AI/LLM I2& 3 PREZURI TRV, ZRTRES DT, mETIE Tau Ceti Project https: //github.com/
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